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THE OPEN CREPANT TRANSFORMATION CONJECTURE FOR TORIC
CALABI-YAU 3-ORBIFOLDS
SONG YU
Abstract. We prove an open version of Ruan’s Crepant Transformation Conjecture for toric
Calabi-Yau 3-orbifolds, which is an identification of disk invariants of K-equivalent semi-projective
toric Calabi-Yau 3-orbifolds relative to corresponding Lagrangian suborbifolds of Aganagic-Vafa
type. Our main tool is a mirror theorem of Fang-Liu-Tseng that relates these disk invariants to local
coordinates on the B-model mirror curves. Treating toric crepant transformations as wall-crossings
in the GKZ secondary fan, we establish the identification of disk invariants through constructing
a global family of mirror curves over charts of the secondary variety and understanding analytic
continuation on local coordinates. Our work generalizes previous results of Brini-Cavalieri-Ross on
disk invariants of threefold type-A singularities and of Ke-Zhou on crepant resolutions with effective
outer branes.
1. Introduction
1.1. The Crepant Transformation Conjecture. The Crepant Transformation Conjecture of
Ruan [53, 54] asserts that a pair of K-equivalent [56] manifolds or (Gorenstein) orbifolds X±
have isomorphic quantum cohomologies. Bryan-Graber [12] formulated this conjecture in terms
of Gromov-Witten theory, namely that there is an identification of genus-zero Gromov-Witten po-
tentials F
X±
0 under a graded linear isomorphism between Chen-Ruan cohomologies H
∗
CR(X±;C)
and analytic continuation in the quantum variables. In the Givental formalism of the conjecture
[23, 24, 37], the genus-zero Gromov-Witten invariants of X± are encoded in a Lagrangian cone L±
in a symplectic vector space H±, and the assertion is the existence of a graded linear symplecto-
morphism between H± that identifies L± under analytic continuation. Extended statements that
include higher-genus Gromov-Witten invariants have also been formualted. The Crepant Trans-
formation Conjecture is closely related to the study of quantum cohomology and Gromov-Witten
invariants using mirror symmetry. In a typical scenario, the K-equivalent pair X± correspond to
distinguished points P± in a B-model moduli space, and the Gromov-Witten potentials of X± are
mirror to local solutions to a global system of differential equations near P±. The desired identi-
fication of Gromov-Witten theories of X± is expected to result from analytic continuation of such
local solutions on the B-model moduli.
The Crepant Transformation Conjecture has been verified to various extents of generalities
and has become a guiding principle in the study of the relation between quantum cohomology and
birational geometry. See for instance [3,4,10,11,13,16–19,21–23,36,38,41,45–51,57]. It has received
particular success in the toric setting, where most required ingredients have explicit descriptions.
The birational geometry of toric orbifolds (or smooth toric Deligne-Mumford stacks [5,35] with triv-
ial generic stablizer) is combinatorially understood in terms of wall-crossing in the GKZ secondary
fan or variation of GIT stability conditions [25,26,31,55]. From the Stanley-Reisner presentation of
Chen-Ruan cohomology [5], we naturally obtain a graded linear isomorphism between H∗CR(X±;C)
for a K-equivalent pair X±. Finally, a mirror theorem for general (semi-projective) toric orbifolds
is known [20], and the secondary variety naturally arises as the B-model moduli for analytic con-
tinuation. As examples of previous progress, Coates-Corti-Iritani-Tseng [19] proved the genus-zero
1
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Crepant Transformation Conjecture for the An-surface and its full resolution in the Bryan-Graber
formalism, and Coates-Iritani-Jiang [22] for general K-equivalent (semi-projective) toric orbifolds
or complete intersections in the Givental formalism. The higher-genus Crepant Transformation
Conjecture was proven for the An-surface and its resolution by Zhou [58], and for general compact
weak-Fano toric orbifolds by Coates-Iritani [21].
1.2. The Open Crepant Transformation Conjecture. The present work focuses on the Crepant
Transformation Conjecture in the extended context of open Gromov-Witten theory, which studies
stable maps from bordered (orbifold) Riemann surfaces to orbifolds with Lagrangian boundary
conditions [43,52]. We restrict our attention to toric Calabi-Yau 3-orbifolds with Lagrangian sub-
orbifolds of Aganagic-Vafa type [1,2], for which open Gromov-Witten invariants can be defined and
computed via localization [32,33,39]. Following the Bryan-Graber formalism, roughly speaking, the
Open Crepant Transformation Conjecture in this setting asserts that for a pair of K-equivalent toric
Calabi-Yau 3-orbifolds with corresponding Aganagic-Vafa branes, there is an identification between
disk potentials, which encode stable maps from genus-zero domains with one boundary component,
under analytic continuation in the moduli parameters. In general, one expects an identification
of all-genus open-closed Gromov-Witten potentials, which accounts for stable maps from domains
with possibly higher genus and multiple boundary components. We restrict our attention in the
present work to the most fundamental case of disk potentials.
Works of Brini, Cavalieri, and Ross [8, 9, 14] provided first evidences of the Open Crepant
Transformation Conjecture: Using their notion of winding neutral disk potentials, they proved the
conjecture in the Givental formalism for the examples of [C2/Zn]× C, [C3/Z2 × Z2], and KP(n,1,1)
(and their full resolutions). For the first two examples, they were further able to prove the conjecture
in all genera by quantizing the winding neutral disk potentials. With a different method, Ke-Zhou
[44] proved the conjecture for a partial resolution X+ → X− where the Aganagic-Vafa brane in
X± specifying the boundary condition is effective and outer, i.e. has trivial generic stablizer and
intersects a noncompact torus-invariant curve in X±. They identified the disk potentials of X± by
using an explicit formula from (an earlier version of) Fang-Liu-Tseng [33].
In the present work, we prove the Open Crepant Transformation Conjecture for (semi-projective)
toric Calabi-Yau 3-orbifolds in full generality. This includes cases where X± are related by a flop
or a partial resolution, and where the Aganagic-Vafa branes are inner, i.e. intersecting compact
torus-invariant curves, or ineffective, i.e. having nontrivial generic stablizers. Moreover, using
mirror symmetry for disk invariants, we offer a simple formalism for phrasing and studying the
conjecture, which develops the idea hinted by [33, 34] and illustrated for the example of KP2 by
Fang [29].
We note that the conjecture has also been studied for disk invariants of compact toric orb-
ifolds with boundary conditions specified by a Lagrangian torus moment map fiber [15], from the
perspective of SYZ mirror symmetry. For toric Calabi-Yau manifolds, disk invariants specified by
the two types of boundary conditions are closely related [40].
1.3. Our main result. We now state our main result more carefully. Let FX ,(L,f) = F
X ,(L,f)
0,1
denote the disk potential of a semi-projective toric Calabi-Yau 3-orbifold X relative to an Aganagic-
Vafa brane L, defined by [33]. It depends on closed moduli parameters parametrizing the effective
curve class, an open moduli parameter parametrizing the map from the boundary component, and
an additional parameter f ∈ Z called the framing of the brane L. FX ,(L,f) takes value in the
Chen-Ruan cohomology H∗CR(Bµℓ;C), where ℓ is the order of the generic stablizer group of L (or
the unique torus-invariant curve in X that L intersects). In the homogenous bases {10, . . . ,1ℓ−1}
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coming from identity elements in cohomologies of the inertia components, there is a decomposition
FX ,(L,f) = F
X ,(L,f)
ℓ 10 +
ℓ−1∑
j=1
F
X ,(L,f)
j ξ
ℓ−j
ℓ 1j ,
where ξℓ = exp(−π
√−1
ℓ ) and each component F
X ,(L,f)
j is a series in the open-closed moduli param-
eters with rational coefficients.
As a basic step, we consider a pair of semi-projective toric Calabi-Yau 3-orbifolds X± that
differ by a single wall-crossing in the secondary fan. Either X± are related by a flop, or X+ is
a partial resolution of X−. Let (L−, f−) be a framed Aganagic-Vafa brane in X− whose generic
stablizer group has order ℓ. In the case L− is disjoint from the exceptional locus of the crepant
transformation, it corresponds to an Aganagic-Vafa brane L+ in X+ with generic stablizer group
of order ℓ and framing f+ depending on f−.
Theorem 1.1 (Brane preserved). In the situation above, there is a component-wise identification
of disk potentials
FX+,(L+,f+) = FX−,(L−,f−)
under analytic continuation in the open-closed moduli parameters and framing relations.
In the case where L− is ineffective and the partial resolution X+ → X− partially resolves
the singularity along L−, there are two Aganagic-Vafa branes L1+,L2+ in the preimage of L− with
framings f1+, f
2
+ depending on f−. The orders ℓ1, ℓ2 of the generic stablizer groups of L1+,L2+ add
up to ℓ.
Theorem 1.2 (Resolution along ineffective brane). In the situation above, there is an identification
F
X+,(L1+,f
1
+)
1
...
F
X+,(L1+,f
1
+)
ℓ1
F
X+,(L2+,f
2
+)
1
...
F
X+,(L2+,f
2
+)
ℓ2

= U
F
X−,(L−,f−)
1
...
F
X−,(L−,f−)
ℓ

under analytic continuation in the open-closed moduli parameters and framing relations, where
U = U(ℓ1, ℓ2) ∈ GL(ℓ;C) is an invertible ℓ-by-ℓ matrix depending on ℓ1, ℓ2 only.
We provide a more precise statement of these results in Theorem 3.4, which is stated in terms
of B-model disk potentials WX ,(L,f) obtained from FX ,(L,f) via the open-closed mirror map. Since a
general pair of K-equivalent semi-projective toric Calabi-Yau 3-orbifolds are related by a sequence
of toric wall-crossings, the Open Crepant Transformation Conjecture is implied by Theorems 1.1
and 1.2 above. We are thus above to recover the results of [8, 9, 14,44] (on disk invariants).
1.4. Our method via mirror symmetry for disks. We approach the Open Crepant Transfor-
mation Conjecture via mirror symmetry for disk invariants. For a smooth toric Calabi-Yau 3-fold
X , Aganagic-Vafa and Aganagic-Klemm-Vafa [1, 2] constructed the B-model Hori-Vafa mirror to
X , which is a family of non-compact Calabi-Yau 3-folds equipped with a superpotential obtained
as a period integral of the holomorphic volume form. An Aganagic-Vafa brane L in X is then mir-
ror to a family of 2-cycles in the Hori-Vafa mirror. They computed the superpotential by solving
the equation for the mirror curve, which is an affine curve in (C∗)2 and can viewed as a B-model
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equivalent to the Hori-Vafa mirror through genus-zero dimensional reduction (see [34, Section 4]
and the references therein). In addition, they conjectured that the superpotential agrees with the
disk potential FX ,(L,f) up to a mirror transform, which can be interpreted as an agreement between
FX ,(L,f) and a local integral of a 1-form on the mirror curve.
The above mirror conjecture [1,2] was first studied by Graber-Zaslow [39] forKP2 and proven by
Fang-Liu [32]. Fang-Liu-Tseng [33] generalized the notion of Aganagic-Vafa branes and this mirror
theorem for disks to the orbifold setting. The mirror curve can also serve as the B-model in studying
the mirror symmetry of higher-genus open-closed Gromov-Witten invariants. The Remodeling
Conjecture of Bouchard-Klemm-Marin˜o-Pasquetti [6, 7] asserts that the (all-genus) open-closed
Gromov-Witten potentials of (X ,L) can be identified with integrals of the forms obtained from the
Eynard-Orantin topological recursion [27] with the mirror curve as the input. This is proven by
Eynard-Orantin [28] in the smooth case and by Fang-Liu-Zong [34] in the orbifold case.
The mirror theorem for disks [33] is central to our formulation and proof of the Open Crepant
Transformation Conjecture. The key observation is that K-equivalent toric Calabi-Yau 3-orbifolds
have isomorphic mirror curves (for generic choice of parameters). Thus one may construct a global
family of mirror curves over the B-model moduli space obtained from charts of the secondary variety.
Fang [29] detailed this idea for the example of KP2 → [C3/Z3]. For a pair X± of toric Calabi-Yau
3-orbifolds that differ by a single wall-crossing in the secondary fan, we construct an open B-model
moduli space that extends the construction of [22] in the closed setting by incoporating the open
moduli parameter. The defining equations of the mirror curves of X± then fit into a global family
of equations over the open B-model moduli, and by the disk mirror theorem the disk potentials of
X± are mirror to local solutions to the global mirror curve equation near distinguished points. The
desired identification of disk potentials is then achieved via analytic continuation on these local
solutions.
1.5. Organization of the paper. We start in Section 2 with a review of the geometry and
combinatorics of toric Calabi-Yau 3-orbifolds and Aganagic-Vafa branes in them. Moreover, we
offer a geometric description of the disk potentials defined by [33]. In Section 3, we discuss cases of
toric wall-crossings in detail and precisely formulate the Open Crepant Transformation Conjecture
(Theorem 3.4), to be proved in the remainder of the paper. As the first step, in Section 4, we define
mirror curves and study the structure of mirror curve equations in detail. In particular, we show
that K-equivalent toric Calabi-Yau 3-orbifolds have isomorphic mirror curves for generic choices of
parameters. This sets ground for the construction of the open B-model moduli space and the global
mirror curve equation in Section 5. We then finish the proof with a careful analysis of analytic
continuation on local solutions and monodromies.
1.6. Acknowledgements. I would like to thank my advisor, Chiu-Chu Melissa Liu, for suggesting
this project and offering unreserved support all along. I would also like to thank Hiroshi Iritani
for explaining the monodromy argument in [19], which inspires our treatment of monodromies of
solutions to the mirror curve equation. I am grateful for the travel support provided by NSF FRG
grant DMS-1564497.
2. Disk Invariants of Toric Calabi-Yau 3-Orbifolds
In this section, we introduce the geometric setup and the disk invariants, mostly following [33].
Along the way, we also introduce notation to be used throughout. We work over C.
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2.1. Toric Calabi-Yau 3-orbifolds. Let X be a 3-dimensional toric orbifold, i.e. a 3-dimensional
smooth toric Deligne-Mumford stack [5, 35] whose generic stablizer is trivial. Combinatorially, X
is specified by a triple (N,Σ(X ), β), where N ∼= Z3, Σ = Σ(X ) is a simplicial fan in NR = N ⊗ R,
and β is a group homomorphism
β : N˜ =
R⊕
i=1
Zb˜i → N, b˜i 7→ bi
that satisfies:
• The set of 1-dimensional cones in Σ is {ρi | i ∈ IK} for some IK = IK(X ) ⊆ {1, . . . , R},
where ρi = R≥0bi.
• The vectors in {bi | i ∈ IK} generate a subgroup of finite index in N .
• The vectors b1, . . . , bR are distinct, belong to |Σ|, and together generate N over Z. In
particular, β is surjective.
The triple (N,Σ, β) is an extended stacky fan (in the sense of [42]) whose underlying stacky fan (in
the sense of [5]) is (N,Σ, β|⊕
i∈IK
Zb˜i
). There is a short exact sequence of free abelian groups:
(1) 0 // L
ψ
// N˜
β
// N // 0,
where L has rank k = R− 3. We set Iorb = Iorb(X ) = {1, . . . , R} \ IK .
Applying −⊗ C∗ to the sequence (1), we obtain a short exact sequence of complex tori:
(2) 0 // G // T˜ // T // 0.
T˜ natually acts on CR = N˜ ⊗ C, and the inclusion G → T˜ induces a G-action on T˜ that extends
to CR. Then X is geometrically represented a quotient stack [U/G] for some dense open subset
U ⊆ CR (see [42]). The DM torus of X is the quotient stack T = [T˜ /G], and the coarse moduli
space X of X is the simplicial toric 3-fold defined by the fan Σ, which contains the torus T .
Assumption 2.1. In this paper, we make the following assumptions on X :
• X is Calabi-Yau: There is a basis {v1, v2, v3} of N with dual basis {u1, u2, u3} of M =
Hom(N,Z) such that 〈bi, u3〉 = 1 for all i = 1, . . . , R, where 〈−,−〉 : N ×M → Z is the
natural pairing extended linearly over R.
• The coarse moduli space X is semi-projective: X is projective over SpecH0(X,OX).
By [25, Proposition 14.4.1], X is semi-projective if and only if |Σ| = ∑Ri=1R≥0bi. Thus our
assumptions imply that all maximal cones in Σ are 3-dimnesional. The Calabi-Yau condition implies
that all the bi’s lie on the hyperplane N
′ = {v ∈ NR | 〈v, u3〉 = 1}. Then ∆ = |Σ| ∩N ′ is a convex
lattice polyhedron and b1, . . . , bR is a complete list of lattice points in ∆. Note that Σ induces
a plane graph supported on ∆, where the intersection of ∆ and the support of the 1-, 2-, and
3-dimensional cones give rise to the vertices, edges, and bounded faces of the graph respectively.
This graph induces a regular triangulation of ∆ in the sense of [25, Section 15.2]. The dual plane
graph is called the toric graph of X .
Example 2.2 (An singularities). For n ∈ Z>0, An = [C2/Zn+1]×C is a toric Calabi-Yau 3-orbifold.
Its fan consists of one 3-dimensional cone σ spanned by
(1, 0, 1), (0, n + 1, 1), (0, 0, 1),
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which lie on the affine hyperplane N ′ consisting of vectors whose last coordinate is 1. See Figure
1 for the induced polygon and toric graph. To obtain the extended stacky fan, we choose extra
vectors (0, i, 1) for i = 1, . . . , n.
• (1, 0, 1)•(0, 0, 1)
◦
◦
•(0, n + 1, 1)
τ
σ
• V(σ)
V(τ)
Figure 1. The stacky fan and the toric graph of An. There is one torus fixed
point V(σ) and three torus invariant curves. The curve V(τ) has nontrivial generic
stablizer group.
Moreover, A′n = [OP1(−1) ⊕ OP1(−1)/Zn+1] is a toric Calabi-Yau 3-orbifold, which can be
formed by gluing together two copies of An. The map β in the extended stacky fan is given by the
matrix 1 0 0 −1 0 0 · · · 00 n+ 1 0 0 1 2 · · · n
1 1 1 1 1 1 · · · 1
 .
See Figure 2 for the induced polygon and toric graph.
• b1•b4 = (−1, 0, 1) •
b3
◦
◦
•b2
τ
σσ′
• V(σ)•V(σ′)
V(τ)
Figure 2. The stacky fan and the toric graph of A′n.
Example 2.3. [C3/Z3] is a toric Calabi-Yau 3-orbifold. Its fan consists of one 3-dimensional cone,
and the map β is specified by the matrix1 0 0 30 1 0 −1
1 1 1 1
 .
The same matrix appears in the fan of KP2 , which is a toric crepant resolution of [C
3/Z3]. See
Figure 3 for the induced polygon triangulations.
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• b4
•b3 = (0, 0, 1)
•b2 = (0, 1, 1)
•
b1
KP2
• b4 = (3,−1, 1)
•b3
•b2
◦
b1 = (1, 0, 1)
[C3/Z3]
Figure 3. The stacky fans of KP2 and [C
3/Z3].
2.2. Torus orbits, stablizers, and flags. For each d = 1, 2, 3, let Σ(d) denote the set of cones
in Σ with dimension i. Then Σ(1) = {ρi | i ∈ IK}. Let σ ∈ Σ(d). Denote V(σ) as the (3 − d)-
dimensional T -invariant closed substack of X and Gσ ≤ G as the generic stablizer group of V(σ),
which is a finite group. Moreover, denote
Iσ := {i ∈ IK | ρi 6⊂ σ} ∪ Iorb, I ′σ := {i ∈ IK | ρi ⊂ σ}.
Then |I ′σ| = d and |Iσ| = R− d.
A flag of Σ is a pair (τ, σ) ∈ Σ(2) × Σ(3) with τ ⊂ σ. Let F (Σ) denote the set of all flags of
Σ. Given a flag (τ, σ), V(σ) is a T -fixed point contained in the T -invariant line V(τ). In the toric
graph, V(σ) corresponds to a vertex and V(τ) corresponds to an incident edge. Moreover, Gτ is a
cyclic subgroup of Gσ . Denote
ℓ(τ, σ) := |Gτ |, r(τ, σ) := [Gσ : Gτ ].
There is a short exact sequence of finite groups
0 // Gτ // Gσ // µr(τ,σ) // 0,
where µr denotes the cyclic group of r-th roots of unities. We have V(σ) ∼= BGσ . Moreover, the
coarse moduli space of V(τ) is either C, in the case σ is the unique 3-dimensional cone containing
τ , or P1, in the case τ is contained in a 3-dimensional cone other than σ.
Example 2.4. Consider [C3/Z3] as in Example 2.3. The fixed point corresponding to the unique
3-dimensional cone σ has stablizer Gσ ∼= Z3. The general method in [5] of reading off generic
stablizers from stacky fans yields an identification Gσ ∼= N/〈b2, b3, b4〉. All other torus orbits have
trivial generic stablizer group.
Example 2.5. For An or A
′
n as in Example 2.2, we have Gσ
∼= Gτ ∼= N/〈b1, b2, b3〉 ∼= Zn+1. In the
case of An (Figure 1), V(τ) ∼= Bµn+1 × C; in the case of A′n (Figure 2), V(τ) ∼= Bµn+1 × P1.
To a flag (τ, σ) ∈ F (Σ), we associate a basis {v1(τ, σ), v2(τ, σ), v3(τ, σ)} of N as follows:
Suppose I ′σ = {i1(τ, σ), i2(τ, σ), i3(τ, σ)} and I ′τ = {i2(τ, σ), i3(τ, σ)}, where bi1(τ,σ), bi2(τ,σ), bi3(τ,σ)
appear in counterclockwise order on the hyperplane N ′. Then we take {v1(τ, σ), v2(τ, σ), v3(τ, σ)}
to be the unique basis such that
bi1(τ,σ) = r(τ, σ)v1(τ, σ)− s(τ, σ)v2(τ, σ) + v3(τ, σ),
bi2(τ,σ) = ℓ(τ, σ)v2(τ, σ) + v3(τ, σ),
bi3(τ,σ) = v3(τ, σ),
for some s(τ, σ) ∈ {0, . . . , r(τ, σ) − 1}. For each i = 1, . . . , R, let mi(τ, σ), ni(τ, σ) ∈ Z such that
bi = mi(τ, σ)v1(τ, σ) + ni(τ, σ)v2(τ, σ) + v3(τ, σ).
Finally, let {u1(τ, σ), u2(τ, σ), u3(τ, σ)} be the basis of M dual to {v1(τ, σ), v2(τ, σ), v3(τ, σ)}.
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Given two flags in F (Σ), the change-of-basis matrix between the two associated bases of N
has form ⋆ ⋆ ⋆⋆ ⋆ ⋆
0 0 1
 ∈ SL(3;Z).
In particular, the vector u3 ∈ M does not vary as the flag changes. One checks that N ′ = {v ∈
NR | 〈v, u3(τ, σ)〉 = 1} for any flag (τ, σ).
2.3. Extended Nef cone. Applying Hom(−,Z) to the sequence (1), we obtain a short exact
sequence of free abelian groups:
(3) 0 // M
β∨
// M˜
ψ∨
// L∨ // 0.
Note that M,M˜ , and L∨ are the character lattices of T, T˜ , and G respectively. Let {b˜∨1 , . . . , b˜∨R} be
the basis of M˜ dual to {b˜1, . . . , b˜R}. For i = 1, . . . , R, define
Di := ψ
∨(˜b∨i ) ∈ L∨.
There are identifications
(4) L∨
/ ⊕
i∈Iorb
ZDi ∼= Pic(X ) ∼= H2(X ;Z)
under which for each i ∈ IK , the image of Di in the quotient is identified with the class of the
divisor V(ρi). Over R, (4) yields splittings:
L∨R = L
∨ ⊗ R ∼= (Pic(X )⊗ R)⊕
⊕
i∈Iorb
RDi ∼= H2(X ;R)⊕
⊕
i∈Iorb
RDi.
For each σ ∈ Σ(3), define
N˜efσ :=
∑
i∈Iσ
R≥0Di,
which is a simplicial cone in L∨R. The extended Nef cone of X is defined as
N˜ef(X ) :=
⋂
σ∈Σ(3)
N˜efσ,
which is a top-dimensional convex polyhedral cone in L∨R. Observe that the cone
∑
i∈Iorb R≥0Di is
a face of each N˜efσ and is thus a face of N˜ef(X ). With respect to the splittings above, N˜ef(X ) is
spanned by the ordinary Nef cone of X and
∑
i∈Iorb R≥0Di.
N˜ef(X ) is referred to as the GKZ cone of X in [25, Section 14.4] since it is the cone in the
secondary fan that corresponds to X . From the viewpoint of GIT, if we consider the action of
G on CR defined in Section 2.1 and pick a character θ ∈ L∨ of G lying in the relative interior of
N˜ef(X ), then the open subset U ⊆ CR in Section 2.1 is the semistable locus of θ, and X is the GIT
quotient stack [CR θ G] (see for example [25, Section 14.3] and [31]). Choosing another stability
condition in the secondary fan gives rise to a toric Calabi-Yau 3-orbifold that differs from X by a
toric crepant transformation. We will return to this perspective in Section 3.1.
Example 2.6. For A1, the maps β and ψ in (1) are given by matrices1 0 0 00 1 0 2
1 1 1 1
 ,

0
−2
1
1
 .
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The secondary fan is the complete fan on the line L∨R = R, and N˜ef(A1) is the ray generated
by D2 = −2. The other ray, generated by D3 = D4 = 1, corresponds to the crepant resolution
KP1 ⊕ OP1 of A1. See Figure 4. The secondary variety is the weighted projective line P(1, 2).
Similarly, the secondary variety of [C3/Z3] and KP2 is P(1, 3).
|
0 = D1
••
−2 = D2
•
1 = D3 = D4
Figure 4. The secondary fan and extended Nef cone of A1.
Example 2.7. For A′1 and A2, the maps β and ψ in (1) are given by1 0 0 0 −10 1 0 2 0
1 1 1 1 1
 ,

1 0
0 −2
−2 1
0 1
1 0
 ;
1 0 0 0 00 2 0 3 1
1 1 1 1 1
 ,

0 0
1 −2
1 0
0 1
−2 1

respectively. Their secondary fans and extended Nef cones are shown in Figure 5.
•
D1 = D5
•D4•D3
•D2
•
D1
•
D3
•D4•D5
•D2
Figure 5. The secondary fans and extended Nef cones of A′1 and A2.
2.4. Framed Aganagic-Vafa branes. From the Hamiltonian action of the maximal compact
subgroup of G on CR, X can be constructed as a symplectic quotient and endowed with a symplectic
structure (see [33, Section 2.6]). The boundary condition of the disk invariants we consider is a pair
(L, f), where L is a Lagrangian suborbifold of X of Aganagic-Vafa type and f ∈ Z is the framing
of L. Aganagic-Vafa branes were introduced in [2] for smooth toric Calabi-Yau 3-folds and defined
in [33] for toric Calabi-Yau 3-orbifolds in general.
A key property of L is that it intersects a unique 1-dimensional T -orbit V(τ) in X , where
τ ∈ Σ(2). If the coarse moduli space of V(τ) is C, we say that L is an outer brane. In this case,
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there is a unique 3-dimensional cone σ ∈ Σ(3) that contains τ , and we associate to L the flag (τ, σ).
If the coarse moduli space of V(τ) is P1, we say that L is an inner brane. In this case, there are
two 3-dimensional cones σ, σ′ ∈ Σ(3) that contain τ , and we associate to L the flags (τ, σ), (τ, σ′).
See Figure 6 for an illustration of Aganagic-Vafa branes in the example of A′1.
ViewingM as the lattice of characters of the 3-dimensional torus T , we denote T ′ := ker(u3) ∼=
(C∗)2 as the 2-dimensional Calabi-Yau subtorus of T and T ′R ∼= U(1)2 as the maximal compact
subgroup of T ′. Then T ′R acts holomorphically on X and preserves L. The toric graph of X is the
image of the 0- and 1-dimensional T -orbits under the moment map given by the T ′R action. The
image of L under the moment map is an interior point on the edge which is the image of V(τ).
Furthermore, the framing f determines a 1-dimensional framing subtorus T ′f := ker(u1 − fu2, u3)
of T ′.
L1
L2
•
L1 •
L2
• •
V (σ′) V (σ)
V (τ1)
L1
DD′
V (τ2)
L2
D
Figure 6. Aganagic-Vafa branes in A′1. L1 is an inner brane since it intersects
the compact torus orbit V(τ1). Moreover, L1 has nontrivial generic stablizer group
equal to Gτ1
∼= Z2. L2 is an outer brane since it intersects the noncompact torus
orbit V(τ2). At the level of coarse moduli, the interesctions of the branes with the
torus invariant curves bound disks centered at the torus fixed points.
2.5. Disk invariants and potentials. Fang-Liu-Tseng [33] defined and computed open-closed
Gromov-Witten invariants for (X , (L, f)), which are virtual counts of stable maps from bordered
orbifold Riemann surfaces to X with boundary mapping to L. This is achieved by T ′R-localization
on the moduli space, and the framing f is used to unify the two equivariant parameters. In
the case where the domain has arithmetic genus zero and one boundary component, the open-
closed Gromov-Witten invariants are disk invariants and are assembled into a generating function
FX ,(L,f)(Q,X) = F
X ,(L,f)
0,1 (Q,X) (see [33, Section 3.11]), which we refer to as the A-model disk
potential of (X , (L, f)). Here, Q = (Q1, . . . , Qk) are closed (Ka¨hler) moduli parameters and X is
the open moduli parameter.
FX ,(L,f) takes value in the Chen-Ruan cohomology H∗CR(BGτ ;C), where τ ∈ Σ(2) is the unique
2-dimensional cone such that V(τ) intersects L. Let (τ, σ) be the flag associated to L as in the
previous subsection. The generic stablizer group Gτ , which is cyclic with order ℓ = ℓ(τ, σ), indexes
inertia components of BGτ and can be identified with the quotient N/〈v1(τ, σ), v3(τ, σ), b2(τ, σ)〉 =
{0, v2(τ, σ), . . . , (ℓ− 1)v2(τ, σ)}. As C-vector spaces, we have
H∗CR(BGτ ;C) ∼= C10 ⊕ C11 ⊕ · · · ⊕ C1ℓ−1,
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where 1j is the unit of the cohomology of the inertia component of IBGτ corresponding to jv2(τ, σ).
In particular, 10 is the unit of H
∗
CR(BGτ ;C). We can write
(5) FX ,(L,f)(Q,X) = Fℓ(Q,X)10 +
ℓ−1∑
j=1
Fj(Q,X)ξ
ℓ−j
ℓ 1j .
Here, ξℓ = exp(−π
√−1
ℓ ). If L is outer, each Fj is a series in XQ[[Q,X]]; if L is inner, each Fj is
the sum of a series in XQ[[Q,X]] and a series in X−1Q[[Q,X−1]].
We offer here a geometric interpretation of FX ,(L,f) and the expression (5) from the perspective
of localization. Denote π : X → X as the map to the coarse moduli and L = π(L). For any cone σ
in Σ, denote V (σ) = π(V(σ)). Let f : (C, ∂C) → (X ,L) be a stable map whose equivalence class in
the moduli space is fixed under the T ′R-action, and we abusively use f to denote the induced map
(C, ∂C) → (X,L) on the coarse moduli as well. Let C0 be the irreducible component of C that
contains ∂C.
In the case L is outer, the intersection L ∩ V (τ) bounds an disk D in V (τ) ∼= C that contains
V (σ) (see Figure 6). In this case, f maps C0 as a cover ontoD and ∂C as a cover onto ∂D = L∩V (τ).
Then in FX ,(L,f), terms in which X has power d > 0 account for stable maps f as above such that
f |C0 is a degree-d cover onto D.
Otherwise suppose L is inner, and let σ′ ∈ Σ(3) be the second 3-dimensional cone that contains
τ . In this case, the intersection L ∩ V (τ) bounds two disks D and D′ in V (τ) ∼= P1 that contain
V (σ) and V (σ′) respectively (see Figure 6). In this case, f maps C0 as a cover onto D or D′, and
∂C as a cover onto ∂D = L ∩ V (τ). Then in FX ,(L,f), terms in which X has power d > 0 account
for stable maps f as above such that f |C0 is a degree-d cover onto D, and terms in which X has
power d < 0 account for stable maps f as above such that f |C0 is a degree-(−d) cover onto D′.
In either the outer or inner case, the decomposition of FX ,(L,f) into the Fj ’s as in (5) can
be viewed as a grouping of disk invariants according to the twisting of the stable map f at the
boundary ∂C. Moreover, each term of each Fj contains a nonzero power of X as a factor.
Under the equivariant closed mirror map q = q(Q) of Coates-Corti-Iritani-Tseng [20]1 and an
open mirror map x = x(Q,X), FX ,(L,f)(Q,X) pulls back to a series WX ,(L,f)(q, x), which we refer
to as the B-model disk potential of (X , (L, f)). Here, q = (q1, . . . , qk) are closed (complex) moduli
parameters and x is the (B-model) open moduli parameter (see [33, Section 4.2]). WX ,(L,f) also
takes value in the Chen-Ruan cohomology H∗CR(BGτ ;C), and there is a decomposition similar to
(5):
(6) WX ,(L,f)(q, x) =Wℓ(q, x)10 +
ℓ−1∑
j=1
Wj(q, x)ξ
ℓ−j
ℓ 1j.
If L is outer, each Wj is a series in xQ[[q, x]]; if L is inner, each Wj is the sum of a series in
xQ[[q, x]] and a series in x−1Q[[q, x−1]]. We remark that under the open-closed mirror map, q is
independent of X, and log x is equal to logX plus a series in Q. Thus WX ,(L,f) has a similar
geometric interpretation as that of FX ,(L,f) above. In particular, each term of each Wj contains a
nonzero power of x as a factor.
The B-model disk potentialWX ,(L,f) has an explicit formula (see [33, Theorem 4.3]) and relates
directly to local integrals on the mirror curves under the mirror theorem for disks (as we shall see
1Assumption 2.1 ensures that the equivariant mirror theorem of [20] is applicable.
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in Section 4.3). In formulating and proving the Open Crepant Transformation Conjecture in the
rest of the paper, we will work with WX ,(L,f) and refer to it as the disk potential of (X , (L, f)).
3. Toric Crepant Transformations and Disk Invariants
Toric crepant transformations can be viewed as wall-crossings in the GKZ secondary fan or in
GIT stability conditions. In this section, we describe crepant transformations between toric Calabi-
Yau 3-orbifolds and the induced transformations between Aganagic-Vafa branes, and formulate the
Open Crepant Transformation Conjecture that we will prove in subsequent sections.
3.1. Toric wall-crossing. A toric Calabi-Yau 3-orbifold that differs from X by a toric crepant
transformation is specified by an extended stacky fan (N,Σ′, β) with the same N and β as in that
of X . Such toric orbifolds are classified by their induced regular triangulations of the polygon
∆, which correspond to top-dimensional cones in the secondary fan in L∨R (see [25, Proposition
15.2.9]). From the perspective of GIT, different cones in the secondary fan give different stability
conditions as we construct these toric orbifolds as GIT quotient stacks of CR under the action of
G [25, 26,31,55].
Our main goal is to study the relations among disk invariants of these toric Calabi-Yau 3-
orbifolds. We consider as the basic step a pair of toric Calabi-Yau 3-orbifolds X+ and X− which
differ by a single wall-crossing in the secondary fan, i.e. whose extended Nef cones N˜ef(X+) and
N˜ef(X−) have a common codimension-one face W . Denote Σ± = Σ(X±). Wall-crossings of smooth
toric Deligne-Mumford stacks in general are classfied and studied by Coates-Iritani-Jiang [22]. In
our setting, X+ and X− differ by one of the following two transformations:
• A flop: There is a birational morphism ϕ : X+ 99K X− restricting to an isomorphism
between dense open subsets U± in X±, and the exceptional locus X± \ U± is a torus-
invariant curve V(τ ex± ) for some τ ex± ∈ Σ±(2). In this case, IK(X+) = IK(X−), and in the
two corresponding triangulations of ∆, the segments |τ ex± | ∩ ∆ are the two diagonals of a
common quadrilateral.
• A (partial) resolution: There is a surjective morphism ϕ : X+ → X− that contracts a
torus-invariant divisor V(ρiex) for some i
ex ∈ {1, . . . , R} and restricts to an isommorphism
from U+ = X+ \ V(ρiex) to U− = ϕ(U+). In this case, IK(X+) = IK(X−) ⊔ {iex}, and
the triangulation of ∆ corresponding to X+ refines that corresponding to X− by a star
subdivision centered at biex .
In addition, we need to take into account how Aganagic-Vafa branes transform along with
the ambient spaces. Starting with a framed Aganagic-Vafa brane (L−, f−) in X−, we divide our
discussion into three cases based on the location of L− relative to the exceptional locus of the
crepant transformation ϕ. We describe these cases below and set up notations along the way. As
in Section 2.4, we denote (τ−, σ−) as the flag associated to L−; in the case L− is inner, we denote
(τ−, σ′−) as the second associated flag. Let ℓ = |Gτ− |.
3.1.1. Case I: Σ+ contains τ−, σ− (and σ′−). In this case, L− is contained in U− and induces via
the isomorphism ϕ|U+ to an Aganagic-Vafa brane L+ in X+ with the same associated flag(s). L+
has framing f+ depending on f−. We denote τ = τ−, σ = σ− (and σ′ = σ′−). See Figure 7.
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1
2
3 1
2
3
L+ L−
1
2
34 1
2
34
Figure 7. Illustration of Case I. We adopt the labeling i1(τ, σ) = 1, i2(τ, σ) = 2,
i3(τ, σ) = 3, (and i1(τ, σ
′) = 4).
3.1.2. Case II: Σ+ contains τ− but not σ−. Geometrically, there are two subcases:
• Case IIa: ϕ is a flop, and τ ex− is a face of σ− other than τ−.
• Case IIb: ϕ (partially) resolves the singularity at V(σ−) in X− by a star subdivision centered
at some biex ∈ |σ−| \ |τ−|.
In either subcase, L− is contained in U− and induces via the isomorphism ϕ|U+ to an Aganagic-Vafa
brane L+ in X+ that intersects V(τ−). L+ has framing f+ depending on f−. We denote τ = τ−,
and let σ+ ∈ Σ+(3) be the cone spanned by τ, τ ex+ in Case IIa and by τ, ρiex in Case IIb. If L−
is outer, L+ is also outer and has associated flag (τ, σ+). If L− is inner, L+ is also inner and has
associated flags (τ, σ+) and (τ, σ
′); in this ease we denote σ′ = σ′−. See Figure 8.
4
12
3 4
12
3
L+ L−
5
1
2
3 4
5 2
3 4
Figure 8. Illustration of Cases IIa and IIb. We adopt the labeling i2(τ, σ±) = 2,
i3(τ, σ±) = 3, i1(τ, σ+) = 1, i1(τ, σ−) = 4, (and i1(τ, σ′) = 5).
Example 3.1. The crepant resolution KP2 → [C3/Z3] (given in Example 2.3), with a pair of
corresponding Aganagic-Vafa branes, is another instance of Case IIb.
Remark 3.2. If L− is inner, there is a symmetric case where Σ+ contains τ− but not σ′−. This is
equivalent to Case II after interchanging the labels σ− and σ′−.
3.1.3. Case III: Σ+ does not contain τ− and ϕ is a (partial) resolution. In this case, V(τ−) is
ineffective, i.e. ℓ = |Gτ− | > 1, and ϕ (partially) resoloves V(τ−) by a star subdivision centered
at some biex ∈ |τ−|. Then ρiex subdivides τ− into two cones τ1+, τ2+ ∈ Σ+(2), and the preimage
of L under ϕ consists of two Aganagic-Vafa branes L1+ and L
2
+ that intersect V(τ
1
+) and V(τ
2
+)
respectively. L1+ has framing f+ and L
2
+ has framing f+,2, both depending on f−. We set ℓj = |Gτ j+ |.
Then we have ℓ1 + ℓ2 = ℓ.
The ray ρiex also subdivides σ− (resp. σ′− when L− is inner) into two cones σ1+, σ2+ ∈ Σ+(3)
(resp. σ1,′+ , σ
2,′
+ ∈ Σ+(3)) that contain τ1+, τ2+ respectively. For j = 1, 2, if L− is outer, Lj+ is also
outer and has associated flag (τ j+, σ
j
+). If L− is inner, L
j
+ is also inner and has associated flags
(τ j+, σ
j
+) and (τ
j
+, σ
j,′
+ ). See Figure 9.
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1
2
3
4
13
4
L2+
L1+
L−
1
2
3
4
5 13
4
5
Figure 9. Illustration of Case III through the examples of A′1 and A2 (compare
Figure 5). We adopt the labeling i2(τ
1
+, σ
1
+) = i3(τ
2
+, σ
2
+) = i
ex = 2, i3(τ
1
+, σ
1
+) =
i3(τ−, σ−) = 3, i2(τ2+, σ2+) = i2(τ−, σ−) = 4, i1(τ−, σ−) = 1, (and i1(τ−, σ′−) = 5).
Remark 3.3. We do not consider the case where Σ+ does not contain τ− and ϕ is a flop (τ− = τ ex− ),
since in this situation L− does not natually induce any Aganagic-Vafa brane(s) in X+.
3.2. Open Crepant Transformation Conjecture: Statement. We can now formulate the
Open Crepant Transformation Conjecture for the pair of toric Calabi-Yau 3-orbifolds X+ and X−.
Observe that in Cases I or II, both disk potentials WX+,(L+,f+) and WX−,(L−,f−) take value in
H∗CR(Bµℓ;C) and have ℓ components. As in (6), we write:
WX+,(L+,f+)(q+, x+) =W
+
ℓ (q+, x+)10 +
ℓ−1∑
j=1
W+j (q+, x+)ξ
ℓ−j
ℓ 1j ,
WX−,(L−,f−)(q−, x−) =W−ℓ (q−, x−)10 +
ℓ−1∑
j=1
W−j (q−, x−)ξ
ℓ−j
ℓ 1j .
In Case III, WX−,(L−,f−) takes value in H∗CR(Bµℓ;C) and decomposes into ℓ components as above.
Moreover, WX+,(L
1
+,f+) takes value in H∗CR(Bµℓ1 ;C) and has ℓ1 components; W
X+,(L2+,f+,2) takes
value in H∗CR(Bµℓ2 ;C) and has ℓ2 components. There are ℓ1 + ℓ2 = ℓ components in total, and we
write:
WX+,(L
1
+,f+)(q+, x+) =W
+
ℓ1
(q+, x+)10 +
ℓ1−1∑
j=1
W+j (q+, x+)ξ
ℓ1−j
ℓ1
1j,
WX+,(L
2
+,f+,2)(q+, x+,2) =W
+
ℓ (q+, x+,2)10 +
ℓ2−1∑
j=1
W+ℓ1+j(q+, x+,2)ξ
ℓ2−j
ℓ2
1j .
Given m ∈ Z>0, let ωm = exp(2π
√−1
m ) be the primitive m-th root of unity, and let Um denote
the following m-by-m matrix whose entries are m-th roots of unity:
(7) Um = [ω
−ij
m ]i,j =

ω−1m ω−2m · · · ωm 1
ω−2m ω−4m · · · ω2m 1
...
...
. . .
...
...
ωm ω
2
m · · · ωm−1m 1
1 1 · · · 1 1
 .
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Theorem 3.4. There is an identification of disk invariants
(8)

W+1
W+2
...
W+ℓ
 =

W−1
W−2
...
W−ℓ

in Cases I or II, and an identification
(9) diag(Uℓ1 , Uℓ2)
−1

ξℓ1−1ℓ1 W
+
1
...
ξℓ1W
+
ℓ1−1
W+ℓ1
ξℓ2−1ℓ2 W
+
ℓ1+1
...
W+ℓ

= U−1ℓ

ξℓ−1ℓ W
−
1
...
ξℓWℓ−1
W−ℓ

in Case III, where diag(Uℓ1 , Uℓ2) is the block diagonal matrix with blocks Uℓ1 , Uℓ2 , under relations
(22, 31, 33) between open-closed moduli parameters (q±, x±) and framings, and analytic continua-
tion.
Remark 3.5. Ke-Zhou [44] studied the Open Crepant Transformation Conjecture in the particular
situation where L± are outer and X+ is a maximal resolution of X− with resepect to (X−,V(τ−)),
i.e. τ = τ− is still a cone in Σ+(2) and X+ is singular only along V(τ). In particular, if V(τ) is
effective, i.e. ℓ = 1, then X+ completely resolves the singularties of X−. The resolution X+ → X−
is a composition of partial resolutions in our Cases I and IIb. [44] gave an explicit identification of
the disk potentials WX+,(L+,f+) and WX−,(L−,f−) using the formula given by an earlier version of
[33]. Their identification and framing relations given in Theorem 4.2 differ slightly from ours (8,
31), which results from a constant-factor difference between the disk potential formula in [33] and
that in the earlier version. In general, especially in Case III, the disk potentials cannot be directly
identified and analytic continuation is required.
Example 3.6. Consider the crepant resolution X+ = KP1 ⊕ OP1 → A1 = X− (see Example 2.6).
Let (L−, f) be a framed Aganagic-Vafa brane intersecting the torus orbit corresponding to the
cone spanned by b3 and b4, and let L
1
+, L
2
+ be Aganagic-Vafa branes as defined in the previous
subsection. Then from Case III of Theorem 3.4 we have[
WX+,(L
1
+,f)
WX+,(L
2
+,f+1)
]
=
[−1 1
1 1
]−1 [√−1WX−,(L−,f)1
W
X−,(L−,f)
2
]
.
As a second example, let X− = A2 and X+ → X− be the partial resolution shown in Figure 9. Pick
a framing f ∈ Z for L−. Then from Case III of Theorem 3.4 we have−1 1 01 1 0
0 0 1
−1

√−1WX+,(L
1
+,f)
1
W
X+,(L1+,f)
2
WX+,(L
2
+,f+2)
 =
ω23 ω3 1ω3 ω23 1
1 1 1
−1
ξ23W
X−,(L−,f)
1
ξ3W
X−,(L−,f)
2
W
X−,(L−,f)
3
 .
One has similar relations in the case X− is A′1 or A
′
2, and L− is an inner Aganagic-Vafa brane
intersecting the torus invariant curve that has nontrivial generic stablizers.
Example 3.7. Let X = An (see Example 2.2) and (L, f) be a framed Aganagic-Vafa brane inter-
secting the torus orbit corresponding to the cone spanned by (0, 0, 1) and (0, n + 1, 1). Let Y be
the full crepant resolution of X (given by taking star subdivisions centered at (0, 1, 1), . . . , (0, n, 1)).
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For j = 1, . . . , n + 1, let Lj be an Aganagic-Vafa brane in Y that intersects the torus orbit corre-
sponding to the cone spaned by (0, j − 1, 1) and (0, j, 1). Then using Cases I and III of Theorem
3.4, we can show the following relation:
WY ,(L
1,f)
WY ,(L
2,f+1)
...
WY ,(L
n+1,f+n)
 = U−1n+1

ξnn+1W
X ,(L,f)
1
...
ξn+1W
X ,(L,f)
n
W
X ,(L,f)
n+1
 .
Brini-Cavalieri-Ross [9, Theorem 4.2] also related the disk invariants of X and Y relative to the
Aganagic-Vafa branes above. We remark that our relation differs from theirs by a sign.
4. Mirror Curves and Mirror Symmetry for Disks
In preparation for the proof of the Open Crepant Transformation Conjecture (Theorem 3.4),
we define the mirror curves following [33, 34] and study the structure of the defining equation of
mirror curves. In particular, we show that a pair of toric Calabi-Yau 3-orbifolds related by toric
wall-crossing have isomorphic mirror curves for generic choices of parameters (Proposition 4.9). We
also state the mirror theorem for disk invariants [33] (Theorem 4.8) to be used later on.
4.1. Mirror curves. The mirror curve of X is an affine curve in (C∗)2 = SpecC[x˜±1, y˜±1]
parametrized by closed moduli parameters q = (q1 . . . , qk) ∈ Ck. To give the defining equation, we
first choose lattice vectors p1, . . . , pk ∈ L∨ ∩ N˜ef(X ) such that
(i) {p1, . . . , pk} forms a Q-basis for L∨Q := L∨ ⊗Q.
(ii) There is a subset AK = AK(X ) ⊆ {1, . . . , k} of indices such that under the identification
(4), the image of {pa | a ∈ AK} forms a Q-basis for H2(X ;Q).
(iii) There is a bijection ι : Iorb → Aorb = Aorb(X ) := {1, . . . , k} \ AK such that Di = pι(i) for
all i ∈ Iorb.
(iv) For any a ∈ AK and i ∈ Iorb, pa −Di 6∈ N˜ef(X ).
We may think of {pa | a ∈ AK} as Ka¨hler parameters of X and {pa | a ∈ Aorb} as extended
Ka¨hler parameters of X corresponding to the twisted sectors. We remark that condition (iv) is not
required by [33,34] but imposed here to simplify the mirror curve equation (see Lemma 4.3).
For a cone σ ∈ Σ(3), since L∨ ∩ N˜ef(X ) ⊆ N˜efσ =
∑
i∈Iσ R≥0Di, we may write
(10) pa =
R∑
i∈Iσ
sσaiDi,
where each sσai is a nonnegative rational number. For i ∈ I ′σ, we set sσai = 0 for all a. Now for each
i ∈ {1, . . . , R}, let
sσi (q) :=
k∏
a=1
q
sσai
a .
In particular, sσi (q) = 1 for each i ∈ I ′σ. By rescaling the pa’s if necessary, we may assume that sσai
is a nonnegative integer for each σ, a, i. This makes sσi (q) a monomial in q for each σ, i.
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Let (τ, σ) ∈ F (Σ). For q = (q1, . . . , qk) ∈ Ck, the mirror curve Cq of X is defined by
(11) H(q, x˜(τ,σ), y˜(τ,σ)) :=
R∑
i=1
sσi (q)x˜
mi(τ,σ)
(τ,σ) y˜
ni(τ,σ)
(τ,σ) = 0.
Example 4.1. For A1 (see Example 2.6), with τ as the cone spanned by b3 and b4, σ as the cone
spanned by τ and b1, and p1 = D2 = −2, the mirror curve equation is
H(q, x˜, y˜) = x˜+ q1y˜ + 1 + y˜
2.
For A′1 (see Example 2.7), with τ as the cone spanned by b3 and b4, σ as the cone spanned by τ
and b1, and p1 = D5 = (0, 1), p2 = D2 = (0,−2), the mirror curve equation is
H(q, x˜, y˜) = x˜+ q2y˜ + 1 + y˜
2 + q1x˜
−1.
As mentioned in [34, Section 4.1], choosing a different flag (τ ′, σ′) ∈ F (Σ) gives a reparametriza-
tion of Cq. The change of basis matrix from {v1(τ, σ), v2(τ, σ), v3(τ, σ)} to {v1(τ ′, σ′), v2(τ ′, σ′),
v3(τ
′, σ′)} has form a c mi3(τ,σ)(τ ′, σ′)b d ni3(τ,σ)(τ ′, σ′)
0 0 1
 ∈ SL(3;Z).
Under the reparametrization
(12)
x˜(τ,σ) = x˜
a
(τ ′,σ′)y˜
b
(τ ′,σ′)s
σ′
i1(τ,σ)
(q)w1(τ,σ)sσ
′
i2(τ,σ)
(q)w2(τ,σ)sσ
′
i3(τ,σ)
(q)w3(τ,σ),
y˜(τ,σ) = x˜
c
(τ ′,σ′)y˜
d
(τ ′,σ′)
(
sσ
′
i2(τ,σ)
(q)/sσ
′
i3(τ,σ)
(q)
) 1
ℓ(τ,σ) ,
where
w1(τ, σ) =
1
r(τ, σ)
, w2(τ, σ) =
s(τ, σ)
r(τ, σ)ℓ(τ, σ)
, w3(τ, σ) = −w1(τ, σ)− w2(τ, σ),
we have a term-by-term identification of mirror curve equations
(13) H(q, x˜(τ ′,σ′), y˜(τ ′,σ′)) = s
σ′
i3(τ,σ)
(q)x˜
mi3(τ,σ)(τ
′,σ′)
(τ ′,σ′) y˜
ni3(τ,σ)(τ
′,σ′)
(τ ′,σ′) H(q, x˜(τ,σ), y˜(τ,σ)).
Example 4.2. Let X be the partial resolution of A2 given in Figure 9. The matrix specifying β
in Example 2.7 gives coordinates of b1, . . . , b5 with respect to the flag (τ
1
+, σ
1
+). The coordinates of
the vectors with respect to the flag (τ2+, σ
2
+) is given by1 0 0 0 00 0 −2 1 −1
1 1 1 1 1
 ,
and the change of basis matrix from (τ2+, σ
2
+) to (τ
1
+, σ
1
+) is 1 0 0−2 1 2
0 0 1
 .
Take p1 = D4 = (0, 1) and p2 = D5 = (−2, 1). Then the mirror curve equations of X with respect
to the flags (τ1+, σ
1
+), (τ
2
+, σ
2
+) are
H1(q, x˜1, y˜1) = x˜1 + y˜
2
1 + 1 + q1y˜
3
1 + q2y˜1, H2(q, x˜2, y˜2) = x˜2 + 1 + q
2
1 y˜
−2
2 + y˜2 + q1q2y˜
−1
2 .
We have an identification H1 = y˜
2
1H2 under the reparametrization
x˜2 = x˜1y˜
−2
1 , y˜2 = y˜1q1.
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By condition (iii), for each i ∈ Iorb and σ ∈ Σ(3), we have sσι(i)i = 1 and sσι(i)i′ = 0 for any
i′ 6= i. In other words, qι(i) appears only in the monomial sσi and with exponent 1. Combining this
with condition (iv) and the identification (13), we have the following simple characterization of the
monomial sσi ’s for i ∈ Iorb:
Lemma 4.3. Let i ∈ Iorb and σ ∈ Σ(3) such that bi ∈ |σ|. Then
sσi (q) = qι(i).
In general, assume that I ′σ = {i1, i2, i3}, and write
bi = c1bi1 + c2bi2 + c3bi3
for c1, c2, c3 ∈ [0, 1] with c1 + c2 + c3 = 1. Then for any σ′ ∈ Σ(3), we have
(14) sσ
′
i (q) = qι(i)s
σ′
i1 (q)
c1sσ
′
i2 (q)
c2sσ
′
i3 (q)
c3 .
Proof. Since for each i′ ∈ Iorb we have sσι(i′)i = 1 if and only if i′ = i, we can write
sσi (q) = qι(i)s(q)
for some monomial s(q) in the variables {qa | a ∈ AK} only. We need to show that s(q) = 1. Suppose
otherwise that s(q) contains a factor qa for some a ∈ AK . This means that in the expansion (10)
of pa, the coefficient s
σ
ai of Di is positive. Thus we see that pa − Di ∈ N˜efσ. We will show that
actually pa −Di ∈ N˜efσ′ for all σ′ ∈ Σ(3), thus arriving at a contradiction with condition (iv).
We pick a face τ ∈ Σ(2) of σ and without loss of generality assume that i1 = i1(τ, σ), i2 =
i2(τ, σ), i3 = i3(τ, σ). Note that
mi(τ, σ) = c1r(τ, σ), ni(τ, σ) = −c1s(τ, σ) + c2ℓ(τ, σ).
Given any σ′ ∈ Σ(3) and face τ ′ ∈ Σ(2) of σ′, as part of the identification (13), we have the relation
(15)
sσ
′
i (q) = s
σ
i (q)s
σ′
i1 (q)
mi(τ,σ)w1(τ,σ)sσ
′
i2 (q)
mi(τ,σ)w2(τ,σ)+
ni(τ,σ)
ℓ(τ,σ) sσ
′
i3 (q)
1+mi(τ,σ)w3(τ,σ)−ni(τ,σ)ℓ(τ,σ)
= qι(i)s(q)s
σ′
i1 (q)
c1sσ
′
i2 (q)
c2sσ
′
i3 (q)
c3 .
As a result, qa also appears as a factor of s
σ′
i (q). Similar to above, this implies that in the expansion
(10) of pa with resepct to the basis {Di′ | i′ ∈ Iσ′}, the coefficient sσ′ai of Di is positive. Hence
pa −Di ∈ N˜efσ′ .
Therefore, we conclude that s(q) = 1. The more general statement (14) then follows from
relation (15). 
4.2. Incorporating the open moduli parameter. Based on the framed Aganagic-Vafa brane
(L, f), we reparametrize the mirror curve Cq of X by incorporating the open moduli parameter x.
As in Section 2.4, if L is outer, we can associate to it a flag (τ, σ) ∈ F (Σ) such that L intersects
V(τ) and σ contains τ ; similarly, if L is inner, we can associate to it two flags (τ, σ), (τ, σ′) ∈ F (Σ).
In either case, we use the basis {v1(τ, σ), v2(τ, σ), v3(τ, σ)} of N associated to the flag (τ, σ)
and its dual basis {u1(τ, σ), u2(τ, σ), u3(τ, σ)} of M as preferred bases of N and M for (X , (L, f)).
For simplicity, throughout this subsection and the next, we denote
vj = vj(τ, σ), uj = uj(τ, σ), ij = ij(τ, σ) for j = 1, 2, 3;
r = r(τ, σ), s = s(τ, σ), ℓ = ℓ(τ, σ);
mi = mi(τ, σ), ni = ni(τ, σ) for i = 1, . . . , R.
In addition, if L is inner, we denote i4 = i1(τ, σ
′) and r′ = r(τ, σ′). Note that r′ = −mi4 > 0.
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Using parameters
sai = s
σ
ai, si(q) = s
σ
i (q);
x˜ = x˜(τ,σ), y˜ = y˜(τ,σ)
associated to the preferred flag (τ, σ), the mirror curve equation (11) becomes
(16) 0 = H(q, x˜, y˜) = x˜ry˜−s + y˜ℓ + 1 +
∑
i∈Iσ
si(q)x˜
mi y˜ni .
Moreover, using the framing f , we perform the reparametrization
(17) x˜ = xy−f , y˜ = y
and turn (16) into
(18) 0 = H(q, x, y) = xry−rf−s + yℓ + 1 +
∑
i∈Iσ
si(q)x
miy−mif+ni .
Equation (18) can be rewritten as
(19) 0 = H(q, x, y) =
R∑
i=1
s˜i(q, x)y
−mif+ni = xry−rf−s + yℓ + 1 +
∑
i∈Iσ
s˜i(q, x)y
−mif+ni ,
where for each i,
s˜i(q, x) = si(q)x
mi .
If L is outer, we have mi ≥ 0 for all i = 1, . . . , R. Thus each s˜i(q, x) is a monomial in q, x. If L is
inner, some of the mi’s are negative, yet we have the following observation on the corresponding
si(q)’s:
Lemma 4.4. Let L be an inner brane. Recall that I ′σ′ = {i2, i3, i4} and r′ = −mi4. Then qα :=
si4(q)
1/r′ is a monomial in {qa | a ∈ AK}. Moreover, for each i = 1, . . . , R such that mi < 0,
(qα)−mi divides si(q).
Proof. Note that si4(q) is a monomial in {qa | a ∈ AK}. We first check that qα is a monomial. It
suffices to consider the case r′ ≥ 2. Take i ∈ Iorb such that bi ∈ |σ′| and mi = −1. Then we can
write
bi = c2bi2 + c3bi3 +
1
r′
bi4
for some c2, c3 ∈ [0, 1] adding up to 1− 1r′ . Lemma 4.3 implies that si(q) = qι(i)si4(q)1/r
′
= qι(i)q
α.
Since si(q) is a monomial, q
α is also a monomial.
To prove the rest of the lemma, we observe that under the flag change from (τ, σ) to (τ, σ′),
the reparametrization (12, 13) in particular implies that
sσ
′
i (q) = si(q)s
σ′
i1 (q)
mi
r
for each i = 1, . . . , R. Taking i = i4, we have s
σ′
i1
(q) = si4(q)
r
r′ = (qα)r. Therefore for each i such
that mi < 0, we have the factorization
si(q) = s
σ′
i (q)s
σ′
i1 (q)
−mi
r = (qα)−misσ
′
i (q). 
Hence for each i such that mi < 0, (q
αx−1)−mi divides si(q)xmi . If we pick a0 ∈ AK such that
qa0 divides q
α, then each s˜i(q, x) is a monomial in q1, . . . , qa0−1, qa0+1, . . . , qk, x, qa0x−1.
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Remark 4.5. The notation qα is taken from [33]. Let α = [V(τ)] ∈ H2(X ;Z) be the class of the
T -invariant curve V(τ), which can also be viewed as an effective curve class in the extended Mori
cone of X in LQ = L⊗Q (see [33, Section 2.5]). Under the definition of [33],
qα :=
k∏
a=1
q〈pa,α〉a ,
where 〈−,−〉 : L∨Q × LQ → Q is the natural pairing. Computing the intersection product (see
[30, Section 5.1]) between the Poincare´ dual of α and the classes of the divisors V (ρi)’s, we obtain
〈Di, α〉 =

1
r if i = i1
1
r′ if i = i4
0 otherwise.
Then for each a = 1, . . . , k,
〈pa, α〉 = 〈sai4Di4 , α〉 =
sai4
r′
.
This implies that qα = si4(q)
1/r′ , and that our definition for qα is consistent with [33]. Since α is
an integral class and each pa ∈ L∨ is a lattice vector, we have that 〈pa, α〉 ∈ Z≥0 for each a and
thus qα is a monomial in q. In fact, the rest of Lemma 4.4 can be obtained from the construction
of the disk potential WX ,(L,f) in [33] and the mirror theorem for disks (Theorem 4.8).
4.3. The mirror theorem for disks. In this subsection, we state the mirror theorem of [33] that
relates the disk potential of (X , (L, f)) to the mirror curve Cq.
Locally on Cq, we may solve for y in the equation (19) in terms of q and x. If L is outer, in
the limit q → 0, x→ 0, there are ℓ local solutions κ1, . . . , κℓ to H(y) = 0 that satisfy
log κj =
π
√−1
ℓ
(−1 + 2j) + Vj(q, x)
ℓ
,
where each Vj is a series in xC[[q, x]]. Similarly, if L is inner, in the limit q → 0, x→ 0, qαx−1 → 0,
there are ℓ local solutions κ1, . . . , κℓ to H(y) = 0 that satisfy
log κj =
π
√−1
ℓ
(−1 + 2j) + Vj(q, x)
ℓ
,
where each Vj is the sum of a series in xC[[q, x]] and a series in x
−1C[[q, x−1]].
Example 4.6. As in Example 4.2, let X+ be the partial resolution of A2 given in Figure 5. With
respect to the framed Aganagic-Vafa brane (L1+, f+), the mirror curve equation is
H(q, x, y) = xy−f+ + y2 + 1 + q1y3 + q2y = 0.
There are two roots κ1, κ2 to H(y) = 0 that converge in the limit q → 0, x→ 0. They satisfy
κ1 →
√−1, log κ1 → π
√−1
2
; κ2 → −
√−1, log κ2 → 3π
√−1
2
.
Moreover, there is a third root κ3 that satisfies the asymptotics κ3 ∼ − 1q1 .
Remark 4.7. The limit qa → 0 for all a ∈ AK is referred to as the large radius limit in the
literature. For instance, if L is inner and we take the definition of qα in [33] (see Remark 4.5), then
roughly speaking, log |qα| is the negative of the symplectic area of the curve V (τ) ⊂ X. Taking
the limit qa → 0 for all a ∈ AK corresponds to letting the area of V (τ), and similarly that of any
curve in X representing a nonzero effective curve class, tend to infinity. In the framework of [33],
the limit on the open moduli parameter has a similar geometric meaning. Recall from Figure 6
and Section 2.5 that L ∩ V (τ) bounds a disk D in V (τ) if L is outer, and two disks D and D′ if L
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is inner. Then taking the limit x→ 0 corresponds to letting the area of D tend to infinity. In the
case L is inner, taking the limit qαx−1 → 0 corresponds to letting the area of D′ tend to infinity.
The mirror theorem for disks can be stated as follows (see [33, Theorem 4.5]):
Theorem 4.8 (Fang-Liu-Tseng [33]). The following relation holds:
(20)
(
x
∂
∂x
)2 
ξℓ−1ℓ W1
...
ξℓWℓ−1
Wℓ
 = Uℓ
(
x
∂
∂x
)
log κ1
...
log κℓ−1
log κℓ
 ,
where Uℓ is the matrix defined in (7).
4.4. Mirror curves and wall-crossing. To conclude our discussion on mirror curve equations
and set out to prove Theorem 3.4, we give an identification of mirror curve equations of a pair
of toric Calabi-Yau 3-orbifolds X+ and X− which differ by a single wall-crossing in the secondary
fan. We treat the three cases described in Section 3.1 separatedly, and use the notation introduced
there.
Recall that W = N˜ef(X+) ∩ N˜ef(X−) denotes the wall between the extended Nef cones of X±.
Following [22, Section 5.3], we choose vectors p2, . . . , pk ∈ L∨ ∩W that are linearly independent
over Q and vectors p±1 ∈ L∨ ∩ (N˜ef(X±) \W ), so that the basis p± = {p±1 , p2, . . . , pk} satisfies the
conditions in Section 4.1 and can be used to define the mirror curve of X±. We can write p+1 in the
basis p− as
(21) p+1 = −c1p−1 + c2p2 + · · · + ckpk
for some c1 ∈ Q>0, c2, . . . , ck ∈ Q. Based on this expression, we introduce the following relation
between closed moduli parameters q± = (q±,1, . . . , q±,k):
(22) q−,1 = q−c1+,1 , q−,a = q+,aq
ca
+,1 for a = 2, . . . , k.
Let H+(q+, x+, y+) and H−(q−, x−, y−) denote:
• In Case I, the mirror curve equations of X± (given in (18)) defined with respect to bases
p±, the flag (τ, σ), and framed Aganagic-Vafa branes (L±, f±).
• In Case II, the mirror curve equations of X± defined with respect to p±, (τ, σ±), and
(L±, f±).
• In Case III, the mirror curve equation of X+ defined with respect to p+, (τ1+, σ1+), and
(L1+, f+), and the mirror curve equation of X− defined with respect to p−, (τ−, σ−), and
(L−, f−).
As in (18, 19), for i = 1, . . . , R, the i-th term of H±(q±, x±, y±) has form
(23) s±i (q±)x
m±
i± y
−m±
i
f±+n
±
i± = s˜
±
i (q±)y
−m±
i
f±+n
±
i± .
Proposition 4.9. There is a term-by-term identification
(24) H+(q+, x+, y+) = H−(q−, x−, y−)
under relations (22, 31) between parameters (q±, x±, y±, f±).
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4.4.1. Proof of Proposition 4.9, Case I. In this case, we have m±i = mi(τ, σ), n
±
i = ni(τ, σ) for each
i = 1, . . . , R. Since both N˜ef(X±) are contained in N˜efσ =
∑R
i=4 R≥0Di, as in (10), we write
p+1 =
R∑
i=4
s+1iDi, p
−
1 =
R∑
i=4
s−1iDi, pa =
R∑
i=4
saiDi for a ≥ 2,
and take s±1i = sai = 0 for all i = 1, 2, 3, a ≥ 2. From this we have
−c1p−1 + c2p2 + · · ·+ ckpk =
R∑
i=4
(
−c1s−1i +
k∑
a=2
casai
)
Di.
Then (21) implies the relation
s−14 s24 · · · sk4
s−15 s25 · · · sk5
...
...
. . .
...
s−1R s2R · · · skR


−c1
c2
...
ck
 =

s+14
s+15
...
s+1R
 .
Adding in the relation (22), we see that for each i = 1, . . . , R,
s−i (q−) = q
s−1i
−,1
k∏
a=2
qsai−,a = q
−c1s−i1+
∑k
a=2 casai
+,1
k∏
a=2
qsai+,a = q
s+1i
+,1
k∏
a=2
qsai+,a = s
+
i (q+).
The desired identification (24) thus follows from the relations
(25) x− = x+, y− = y+, f− = f+.
4.4.2. Proof of Proposition 4.9, Case II. In this case, the change of basis matrix from {v1(τ, σ−),
v2(τ, σ−), v3(τ, σ−)} to {v1(τ, σ+), v2(τ, σ+), v3(τ, σ+)} has form1 0 0b 1 0
0 0 1

for some b ∈ Z. For i = 1, . . . , R, we have
(26)
m+i = mi(τ, σ+) = mi(τ, σ−) = m
−
i , n
+
i = ni(τ, σ+) = bmi(τ, σ−) + ni(τ, σ−) = bm
−
i + n
−
i .
Set mi = m
±
i . The short exact sequence (1) implies
m1D1 +
R∑
i=4
miDi = 0,
that is,
(27) D4 = −m1
m4
D1 −
R∑
i=5
mi
m4
Di.
Since N˜ef(X+) ⊆ N˜efσ+ =
∑R
i=4 R≥0Di and N˜ef(X−) ⊆ N˜efσ− = R≥0D1 +
∑R
i=5 R≥0Di, we write
p+1 =
R∑
i=4
s+1iDi, p
−
1 = s
−
11 +
R∑
i=5
s−1iDi, pa = sa1D1 +
R∑
i=5
saiDi for a ≥ 2,
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and take s+11 = s
±
12 = s
±
13 = s
−
14 = 0, sai = 0 for all i = 2, 3, 4, a ≥ 2. From this and (27) we have
p+1 = −
s+14m1
m4
D1 +
R∑
i=5
(
s+1i −
s+14mi
m4
)
Di,
−c1p−1 + c2p2 + · · ·+ ckpk =
(
−c1s−11 +
k∑
a=2
casa1
)
D1 +
R∑
i=5
(
−c1s−1i +
k∑
a=2
casai
)
Di.
Then (21) implies the relation
s−11 s21 · · · sk1
s−15 s25 · · · sk5
...
...
. . .
...
s−1R s2R · · · skR


−c1
c2
...
ck
 =

0
s+15
...
s+1R
− s+14m4

m1
m5
...
mR
 .
Adding in the relation (22), we see that for each i = 1, . . . , R,
s−i (q−) = q
s−1i
−,1
k∏
a=2
qsai−,a = q
−c1s−1i+
∑k
a=2 casai
+,1
k∏
a=2
qsai+,a = q
s+1i−
s
+
14
mi
m4
+,1
k∏
a=2
qsai+,a = s
+
i (q+)q
− s
+
14
mi
m4
+,1 .
This together with (26) implies
s−i (q−)x
mi− y
−mif−+n−i− = s
+
i (q+)q
− s
+
14mi
m4
+,1 x
mi− y
−mif−−bmi+n+i−
= s+i (q+)
(
x−q
− s
+
14
m4
+,1
)mi
y
−mi(f−+b)+n+i− .
The desired identification (24) thus follows from the relations
(28) x− = x+q
s
+
14
m4
+,1 , y− = y+, f− = f+ − b.
Example 4.10. As an example in Case IIa, consider the pair X± that are related by a flop given in
Figure 8 and the framed Aganagic-Vafa branes (L±, f±). The coordinates of b1, . . . , b4 with respect
to the flags (τ, σ+) and (τ, σ−) are1 0 0 10 1 0 −1
1 1 1 1
 ,
1 0 0 11 1 0 0
1 1 1 1

respectively, and the change of basis matrix from (τ, σ−) to (τ, σ+) is 1 0 0−1 1 0
0 0 1
 .
The secondary fan of X± is 1-dimensional, with N˜ef(X+) spanned by D2 = D4 = 1 and N˜ef(X−) =
D1 = D3 = −1. Take p±1 = ±1. Then the mirror curve equations of X± are
H+(q+, x+, y+) = x+y
−f+
+ + y+ + 1 + q+,1x+y
−f+−1
+ ,
H−(q−, x−, y−) = q−,1x−y
−f−+1
− + y− + 1 + x−y
−f−
− ,
which can be identified under the relations
q−,1 = q−1+,1, x− = x+q+,1, y− = y+, f− = f+ + 1.
For an example in Case IIb, see [29] for the identification of mirror curve equations of KP2 and
[C3/Z3].
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4.4.3. Proof of Proposition 4.9, Case III. In this case, we can identify basis vectors vj(τ
1
+, σ
1
+) =
vj(τ−, σ−) for j = 1, 2, 3, and thus coordinates
m+i = mi(τ
1
+, σ
1
+) = mi(τ−, σ−) = m
−
i , n
+
i = ni(τ
1
+, σ
1
+) = ni(τ−, σ−) = n
−
i
for i = 1, . . . , R. Set mi = m
±
i , ni = n
±
i . Then ℓ = n4, ℓ1 = n2, ℓ2 = n4 − n2. The short exact
sequence (1) implies
m1D1 +
R∑
i=5
miDi = 0, n1D1 + ℓ1D2 + ℓD4 +
R∑
i=5
niDi = 0,
which implies
(29) D4 = −ℓ1
ℓ
D2 +
R∑
i=5
(
n1mi
m1ℓ
− ni
ℓ
)
Di.
Since N˜ef(X+) ⊆ N˜efσ1+ =
∑R
i=4 R≥0Di and N˜ef(X−) ⊆ N˜efσ− = R≥0D2 +
∑R
i=5 R≥0Di, we write
p+1 =
R∑
i=4
s+1iDi, p
−
1 = s
−
12 +
R∑
i=5
s−1iDi, pa = sa2D2 +
R∑
i=5
saiDi for a ≥ 2,
and take s±11 = s
+
12 = s
±
13 = s
−
14 = 0, sai = 0 for all i = 1, 3, 4, a ≥ 2. From this and (29) we have
p+1 = −
s+14ℓ1
ℓ
D2 +
R∑
i=5
(
s+1i +
s+14n1mi
m1ℓ
− s
+
14ni
ℓ
)
Di,
−c1p−1 + c2p2 + · · ·+ ckpk =
(
−c1s−12 +
k∑
a=2
casa2
)
D2 +
R∑
i=5
(
−c1s−1i +
k∑
a=2
casai
)
Di.
Then (21) implies the relation
s−12 s22 · · · sk2
s−15 s25 · · · sk5
...
...
. . .
...
s−1R s2R · · · skR


−c1
c2
...
ck
 =

0
s+15
...
s+1R
+ s+14n1m1ℓ

0
m5
...
mR
− s+14ℓ

ℓ1
n5
...
nR
 .
Adding in the relation (22), we see that for each i = 1, . . . , R,
s−i (q−) = q
s−1i
−,1
k∏
a=2
qsai−,a = q
−c1s−1i+
∑k
a=2 casai
+,1
k∏
a=2
qsai+,a
= q
s+1i+
s
+
14
n1mi
m1ℓ
− s
+
14
ni
ℓ
+,1
k∏
a=2
qsai+,a = s
+
i (q+)q
s
+
14
n1mi
m1ℓ
− s
+
14
ni
ℓ
+,1 .
This implies
s−i (q−)x
mi− y
−mif−+ni
− = s
+
i (q+)q
s
+
14
n1mi
m1ℓ
− s
+
14
ni
ℓ
+,1 x
mi− y
−mif−+ni
−
= s+i (q+)
(
x−q
s
+
14
n1
m1ℓ
− f−s
+
14
ℓ
+,1
)mi (
y−q
− s
+
14
ℓ
+,1
)−mif−+ni
.
The desired identification (24) thus follows from the relations
(30) x− = x+q
− s
+
14
n1
m1ℓ
+
f+s
+
14
ℓ
+,1 , y− = y+q
s
+
14
ℓ
+,1 , f− = f+.
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This completes the proof of Proposition 4.9. Let us summarize the required relations (25, 28,
30) between parameters (x±, y±, f±) here:
(31) x− =

x+ in Case I
x+q
s
+
14
m4
+,1 in Case II
x+q
− s
+
14n1
m1ℓ
+
f+s
+
14
ℓ
+,1 in Case III,
y− =
y+ in Cases I or IIy+q s+14ℓ+,1 in Case III,
f− =
{
f+ in Cases I or III
f+ − b in Case II.
In Case III, we may further identify H+(q+, x+, y+) with the mirror curve equation
H+,2(q+, x+,2, y+,2) of X+ defined with respect to the flag (τ
2
+, σ
2
+) and framed Aganagic-Vafa brane
(L2+, f+,2), as follows:
Lemma 4.11. There is a term-by-term identification
(32) H+(q+, x+, y+) = y
ℓ1
+H+,2(q+, x+,2, y+,2)
under relations (33) between parameters (x+, y+) and (x+,2, y+,2) and framings f+ and f+,2.
Proof. On X+, we will change flags from (τ
2
+, σ
2
+) to (τ
1
+, σ
1
+). First observe that s
−
4 (q−) = 1. Thus
the identification (24) and relations (30) imply that s+4 (q+) = q
s+14
+,1. The change of basis matrix
from {v1(τ2+, σ2+), v2(τ2+, σ2+), v3(τ2+, σ2+)} to {v1(τ1+, σ1+), v2(τ1+, σ1+), v3(τ1+, σ1+)} has form1 0 0b′ 1 ℓ1
0 0 1

for some b′ ∈ Z. In particular, m1(τ2+, σ2+) = m1 and n1(τ2+, σ2+) = n1 − bm1 − ℓ1. The desired
identification (32) will follow from (13) if we use the following reparametrizations (see (12, 17)):
x+,2y
−f+,2
+,2 = x+y
−f++b′
+ q
s
+
14
(bm1−n1+ℓ1)
m1ℓ2
+,1 , y+,2 = y+q
s
+
14
ℓ2
+,1 ,
which is equivalent to
(33) x+,2 = x+q
s
+
14
(ℓ1−n1)
m1ℓ2
+
s
+
14
f+
ℓ2
+,1 , y+,2 = y+q
s
+
14
ℓ2
+,1 , f+,2 = f+ − b′.
Example 4.12. Consider the crepant resolution X+ = KP1 ⊕ OP1 → A1 = X− (see Examples
2.6 and 4.1). Take a framed Aganagic-Vafa brane (L−, f−) in A1 that intersects the cone spanned
by b3 and b4, and let (L
1
+, f+), (L
2
+, f+,2) be frame Aganagic-Vafa branes in the preimage. Take
p+1 = D3 = D4 = 1 and p
−
1 = D2 = −2. Then the mirror curve equations
H+(q+, x+, y+) = x+y
−f+
+ + y+ + 1 + q+,1y
2
+,
H+,2(q+, x+,2, y+,2) = x+,2y
−f+,2
+,2 + 1 + q+,1y
−1
+,2 + y+,2,
H−(q−, x−, y−) = x−y
−f−
− + q−,1y− + 1 + y
2
−
satisfy the identification H− = H+ = y+H+,2 under the relations
q−,1 = q
− 1
2
+,1, x−q
−f+
+,1 = x+ = x+,2q
−f+−1
+,1 , y−q
− 1
2
+,1 = y+ = y+,2q
−1
+,1, f− = f+ = f+,2 − 1.
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Example 4.13. Consider the partial resolution X+ → X− = A2 and the Aganagic-Vafa branes
given in Figure 9 (see Examples 2.7 and 4.2). Take p+1 = D4 = (0, 1), p
−
1 = D2 = (1,−2), and
p2 = D5 = (−2, 1). Then the mirror curve equations
H+(q+, x+, y+) = x+y
−f+
+ + y
2
+ + 1 + q+,1y
3
+ + q+,2y+,
H−(q−, x−, y−) = x−y
−f−
− + q−,1y
2
− + 1 + y
3
− + q−,2y−
can be identified under the relations
q−,1 = q
− 2
3
+,1, q−,2 = q+,2q
− 1
3
+,1, x− = x+q
f+
3
+,1, y− = y+q
1
3
+,1, f− = f+.
The identification H+ = y
2
+H+,2 follows from Example 4.2.
Remark 4.14. An alternative interpretation of the framing relations (31, 33) is that, these are
the relations required to preserve the 1-dimensional framing torus T ′f defined at the end of Section
2.4 under the crepant transformations. In other words, our toric crepant transformations are all
T ′f -equivariant.
5. Global Mirror Curve and Analytic Continuation
In this section, we prove the Open Crepant Transformation Conjecture through focusing on
a pair of toric Calabi-Yau 3-orbifolds X+ and X− which differ by a single wall-crossing in the
secondary fan (Theorem 3.4). The mirror theorem of Fang-Liu-Tseng [33] (Theorem 4.8) relates
disk invariants of X± to local solutions to their mirror curve equations in the large radius limit.
Our main observation is that using the identification in Proposition 4.9, the mirror curves of X± fit
into a global mirror curve equation over an open B-model moduli space. Our desired identification
of disk invariants can then be achieved via analytic continuation on the local solutions to the global
mirror curve equation. We use the notation introduced in Sections 3 and 4.4.
5.1. Open B-model moduli space. We start with the construction of the open B-model moduli
space. We treat the two cases where the Aganagic-Vafa branes are outer (resp. inner) separately.
5.1.1. Construction in the outer case. Let M± = SpecC[q±,1, . . . , q±,k] ∼= Ck. We glue the two
charts together using the relation (22) on the common open subset {q±,1 6= 0} to obtain a k-
dimensional space M. Through Proposition 4.9, the mirror curve C±q± of X±, defined over the
chart M±, fit into a global family of affine curves over M.
Remark 5.1. There is a map from M± to the affine chart corresponding to X± in the secodary
variety given by the lattice map Zk → L∨ that sends the first basis vector to p±,1 and the a-th
basis vector (a ≥ 2) to pa. Under this map, we obtain a compatification of the family C±q± as the
pullback of a divisor in a flat family of toric surfaces over the corresponding chart of the secondary
variety. See [33, Section 4.3.1] and the references therein. If the secondary fan is simplicial, there
is a global family of compactified mirror curves over the entire secondary variety, which is a divisor
in a flat family of toric surfaces.
Example 5.2. For the crepant resolution KP1 ⊕ OP1 → A1 (see Examples 2.6, 4.1, and 4.12),
M = P(1, 2) is the secondary variety. The compactified global mirror curve over M is illustrated
in Figure 10. The global mirror curve for the crepant resolution KP2 → [C3/Z3] is studied in [29].
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•
{q−,1 = 0}
•
{q+,1 = 0}
•
•
•
x− = 0
•
•
•
•
x+ = 0
Figure 10. The compactified global mirror curve of KP1 ⊕ OP1 → A1. All curves
in the family have genus 0. The curve over the orbifold point {q−,1 = 0} or a generic
point in M is smooth, while the curve over the large radius limit point {q+,1 = 0}
is nodal and has two components. On each curve, there are two points with x = 0,
which corresponds to the open large radius limits to be introduced below.
We add an extra dimension to M to incorporate the open moduli parameters and the framing
dependence. Let M˜± = SpecC[q±,1, . . . , q±,k, x±] ∼= Ck+1. The open B-model moduli space M˜ is
formed by gluing the two charts M˜± together using the relations (22, 31) on the common open
subset {q±,1 6= 0}. Note that M = {x± = 0} ⊂ M˜. We call the point P± ∈ M˜± where (q±, x±) = 0
the large radius limit (LRL) point of X±, which represents a large complex structure/orbifold/open
mixed-type limit. This is consistent with the limit q± → 0, x± → 0 we took in Section 4.3.
As in (19), we can view H±(q±, x±, y±) = 0 as a family of equations in the indeterminate y±
parametrized by (q±, x±). Since the Aganagic-Vafa branes are outer, as we observed in Section
4.2, each coefficient s˜±i (q±, x±) in H± (see (23)) is a monomial in (q±, x±). Thus this family is
defined over all of M˜±. Proposition 4.9 then implies that the two families fit into a global family
of equations over M˜.
5.1.2. Construction in the inner case. Here the construction of the open B-model moduli space M˜
is similar to the outer case, except that we would still like to obtain a global family of mirror curve
equations defined over all of M˜. Let
qα± =
{
s±4 (q±)
− 1
m4 in Case I
s±5 (q±)
− 1
m5 in Cases II or III
be as defined in Lemma 4.4. As we observed after Lemma 4.4, if we pick a0 ∈ AK(X−) ⊆ AK(X+)
such that q−,a0 divides qα−, then each s˜
−
i (q−, x−) is a monomial in q−,1, . . . , q−,a0−1, q−,a0+1, . . . , q−,k,
x−, q−,a0x
−1
− .
Lemma 5.3. There exists a0 ∈ AK(X−), a0 6= 1, such that q−,a0 divides qα−.
Proof. In Case I, observe that s+4 (q+) = s
−
4 (q−) under the relation (22), which implies that q
α
+ = q
α−.
Since both qα± are monomials, and q−,1 = q
−c1
+,1 for c1 > 0, q
α− cannot be a power of q−,1 and must
contain some other q−,a0 as a factor.
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In Case IIa, note that s+1 = 1. From the identification (24) and the relation (28), we see that
s−1 is a power of q−,1. Since p−,1, . . . , p−,k are linearly independent, s
−
5 cannot be a power of q−,1
as well and must contain some other q−,a0 as a factor. Thus q−,a0 divides qα−.
In Cases IIb or III, we have p−,1 = D1. Thus 1 6∈ AK(X−), and the lemma follows. 
With a0 chosen as in Lemma 5.3, the identification (24) and the relation (22) imply that
q+,a0 divides q
α
+, so that each s˜
+
i (q+, x+) is a monomial in q+,1, . . . , q+,a0−1, q+,a0+1, . . . , q+,k,
x+, q+,a0x
−1
+ . As a shorthand notation, we set q̂± := (q±,1, . . . , q±,a0−1, q±,a0+1, . . . , q±,k). Moreover,
we set
(34) z± := q±,a0x
−1
± .
Then z± have relation
(35) z− =

z+q
ca0
+,1 in Case I
z+q
ca0−
s
+
14
m4
+,1 in Case II
z+q
ca0+
s
+
14
n1
m1ℓ
− f+s
+
14
ℓ
+,1 in Case III.
Let M˜± = SpecC[q±,1, . . . , q±,a0−1, q±,a0+1, q±,k, x±, z±] ∼= Ck+1. The open B-model moduli
space M˜ in the inner case is formed by gluing the two charts M˜± together using the relations (22 ,31,
35) on the common open subset {q±,1 6= 0}. We call the point P± ∈ M˜± where (q̂±, x±, z±) = 0 the
large radius limit (LRL) point of X±, which is consistent with the limit q± → 0, x± → 0, qα±x−1± → 0
we took in Section 4.3.
As in (19), we can view H±(q±, x±, y±) = 0 as a family of equations in the indeterminate y±
parametrized by (q̂±, x±, z±). Since the Aganagic-Vafa branes are inner, as we observed in Section
4.2, each coefficient s˜±i (q±, x±) in H± (see (23)) is a monomial in (q̂±, x±, z±). Thus this family is
defined over all of M˜±. Proposition 4.9 then implies that the two families fit into a global family
of equations over M˜.
Remark 5.4. In either the outer or the inner case, M˜ is isomorphic to the total space of a rank-k
vector bundle over a weighted projective line, and q±,1 give coordinates on the base.
5.2. Proof of Theorem 3.4. Recall that the mirror theorem for disk invariants (Theorem 4.8)
relates the disk potentials to local solutions to the mirror curve equation around the LRL points.
Via Proposition 4.9, we showed in the previous subsection that the mirror curve equationsH± = 0 of
X± fit into a global family over the open B-model moduli space M˜. We will identify disk invariants
of X± through analytic continuation of local solutions to the global mirror curve equation on M˜.
We start by defining a particular coordinate subspace of M˜±. For j = 1, . . . , ℓ − 1, let
ij ∈ Iorb(X−) such that mij = 0 and n±ij = j. Then each bij is an interior lattice point of the cone
τ (or τ− in Case III). Recall the bijection ι : Iorb(X−) → Aorb(X−) from condition (iii) in Section
4.1. Set aj = ι(ij) and
A0 = {a1, . . . , aℓ−1} ⊆ Aorb(X−).
Then the mirror curve equation H− has form
(36) 1 + q−,a1y− + · · ·+ q−,aℓ−1yℓ−1− + yℓ− + · · ·
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where each of the remaining terms contains as a factor q−,a for some a 6∈ A0, x− (or z−). Note that
in the inner case, a0 6∈ A0. A0 defines an (ℓ− 1)-dimensional coordinate subspace M˜±,0 of M˜±:
M˜±,0 = SpecC[q±,a1 , . . . , q±,aℓ−1 ]
=
{
{q±,a = 0 for all a 6∈ A0, x± = 0} in the outer case
{q±,a = 0 for all a 6∈ A0 ∪ {a0}, x± = z± = 0} in the inner case.
As in Section 4.3, if L− is outer, there are ℓ solutions κ−1 , . . . , κ
−
ℓ to the equation H−(y−) = 0
in a neighborhood of the LRL point P− that satisfy
lim
q−→0,x−→0
log κ−j =
π
√−1
ℓ
(−1 + 2j).
These solutions have local power series expansions in (q−, x−). If L− is inner, there are ℓ solutions
κ−1 , . . . , κ
−
ℓ to the equation H−(y−) = 0 in a neighborhood of P− that satisfy
lim
q̂−→0,x−→0,z−→0
log κ−j =
π
√−1
ℓ
(−1 + 2j).
These solutions have local power series expansions in (q̂−, x−, z−), which via (34) translate to power
series in (q̂−, x−, qα−x
−1
− ). Depending on the framing f−, H−(y−) = 0 may have other solutions near
P−, but these solutions all have a pole along M˜−,0. Theorem 4.8 gives the relation
(37)
(
x−
∂
∂x−
)2 
ξℓ−1ℓ W
−
1
...
ξℓW
−
ℓ−1
W−ℓ
 = Uℓ
(
x−
∂
∂x−
)
log κ−1
...
log κ−ℓ−1
log κ−ℓ
 .
Let us now turn to X+. We first consider Cases I or II. Similar to above, there are ℓ solutions
κ+1 , . . . , κ
+
ℓ to the equation H+(y+) = 0 in a neighborhood of the LRL point P+ that satisfy
lim
q+→0,x+→0
or q̂+→0,x+→0,z+→0
log κ+j =
π
√−1
ℓ
(−1 + 2j).
Depending on the framining f+, H+(y+) = 0 may have other solutions near P+, but these solutions
all have a pole along M˜+,0. Theorem 4.8 gives the relation
(38)
(
x+
∂
∂x+
)2 
ξℓ−1ℓ W
+
1
...
ξℓW
+
ℓ−1
W+ℓ
 = Uℓ
(
x+
∂
∂x+
)
log κ+1
...
log κ+ℓ−1
log κ+ℓ
 .
Now along a path in M˜ from P+ to P−, the local solutions κ+1 , . . . , κ
+
ℓ analytically continue to
a permutation of κ−1 , . . . , κ
−
ℓ . Using Lemma 5.5 in the subsequent subsection, we can actually find
a path along which κ+1 , . . . , κ
+
ℓ analytically continue to κ
−
1 , . . . , κ
−
ℓ in the prescribed order. From
the relation (31) between x±, we see that
x+
∂
∂x+
= x−
∂
∂x−
.
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Thus (37, 38) imply that
(
x+
∂
∂x+
)2 
ξℓ−1ℓ W
+
1
...
ξℓW
+
ℓ−1
W+ℓ
 =
(
x−
∂
∂x−
)2 
ξℓ−1ℓ W
−
1
...
ξℓW
−
ℓ−1
W−ℓ

under analytic continuation. The desired identification (8) then follows since each term in each
series W±j contains a nonzero power of x± as a factor.
Now we consider Case III. In this case we have iℓ1 = 1 and aℓ1 = ι(1) = 1. Thus M˜±,0 glue to
form a (connected) (ℓ− 1)-dimensional coordinate subspace M˜0 of M˜. Since s+4 (q+) = q
s+14
+,1 as we
showed in the proof of Lemma 4.11, we observe via Lemma 4.3 that the mirror curve equation H+
has form
1 + q+,a1y+ · · · + q+,aℓ1−1y
ℓ1−1
+ + y
ℓ1
+ + q+,aℓ1+1q
s
+
14
ℓ2
+,1y
ℓ1+1
+ + · · ·+ q+,aℓ−1q
(ℓ2−1)s
+
14
ℓ2
+,1 y
ℓ−1
+ + q
s+14
+,1y
ℓ
+ + · · ·
where each of the remaining terms contains as a factor q+,a for some a 6∈ A0, x+ (or z+).
Similar to above, there are ℓ1 solutions κ
+
1 , . . . , κ
+
ℓ1
to the equation H+(y+) = 0 in a neighbor-
hood of the LRL point P+ that satisfy
lim
q+→0,x+→0
or q̂+→0,x+→0,z+→0
log κ+j =
π
√−1
ℓ1
(−1 + 2j).
Moreover, there are ℓ2 solutions κ
+
ℓ1+1
, . . . , κ+ℓ to H+(y+) = 0 locally near P+ that satisfy the
asymptotics
log κ+ℓ1+j ∼
π
√−1
ℓ2
(−1 + 2j)− s
+
14
ℓ2
log q+,1.
Depending on the framing f+, H+(y+) = 0 may have other solutions near P+, by these solutions
all have a pole along M˜+,0.
From Lemma 4.11 and especially the relation y+,2 = y+q
s
+
14
ℓ2
+,1 from (33), we see that q
s
+
14
ℓ2
+,1κℓ1+1,
. . . , q
s
+
14
ℓ2
+,1κℓ are the ℓ2 solutions to H+,2(y+,2) = 0 that converges at P+. Moreover, the relation
x+,2 = x+q
s
+
14(ℓ1−n1)
m1ℓ2
+
s
+
14f+
ℓ2
+,1 from (33) implies that
x+,2
∂
∂x+,2
= x+
∂
∂x+
.
Thus, if we view each W+ℓ1+j as a series in (q+, x+), Theorem 4.8 gives the relation
(39)
(
x+
∂
∂x+
)2

ξℓ1−1ℓ1 W
+
1
...
ξℓ1W
+
ℓ1−1
W+ℓ1
ξℓ2−1ℓ2 W
+
ℓ1+1
...
W+ℓ

= diag(Uℓ1 , Uℓ2)
(
x+
∂
∂x+
)
log κ+1
...
log κ+ℓ−1
log κ+ℓ
 .
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Now along a path in M˜0 from P+ to P−, the local solutions κ+1 , . . . , κ
+
ℓ analytically continue
to a permutation of κ−1 , . . . , κ
−
ℓ , since the two sets of solutions are the only ones that do not have
a pole along M˜0. Again we use Lemma 5.5 to select a path along which κ
+
1 , . . . , κ
+
ℓ analytically
continue to κ−1 , . . . , κ
−
ℓ in the prescribed order. Then the desired identification (9) follows from (37,
39) in a way similar to the previous case.
5.3. Monodromy of solutions. In this subsection, we prove a lemma on the monodromy of
solutions to the mirror curve equation that is required by the analytic continuation in the proof of
Theorem 3.4. The proof of the lemma is due to Hiroshi Iritani.
Lemma 5.5. Consider the coordinate subspace M˜−,0 = SpecC[q−,a1 , . . . , q−,aℓ−1 ] with origin P−
and the local solutions κ−1 , . . . , κ
−
ℓ to the mirror curve equation H−(y−) = 0 as defined in the
previous subsection. Given any permutation σ ∈ Sℓ, there exist a loop γσ in M˜−,0 based at P−
along which κ−1 , . . . , κ
−
ℓ analytically continue to κ
−
σ(1), . . . , κ
−
σ(ℓ) in the prescribed order.
Proof. From (36), we see that on M˜−,0, κ−1 , . . . , κ
−
ℓ are solutions to the restricted equation
(40) 1 + q−,a1y− + · · · + q−,aℓ−1yℓ−1− + yℓ− = 0.
In particular, κ−1 · · · κ−ℓ = (−1)ℓ, and if sj is the j-th elementary symmetric polynomial on ℓ
variables, then
q−,aℓ−j = (−1)jsj(κ−1 , . . . , κ−ℓ ).
Now consider the action of Sℓ on R̂ = C[κ
−
1 , . . . , κ
−
ℓ ]/(κ
−
1 · · · κ−ℓ − (−1)ℓ) by permuting the κ−j ’s.
The injective ring homomorphism
C[q−,a1 , . . . , q−,aℓ−1 ]→ R̂, q−,aℓ−j 7→ (−1)jsj(κ−1 , . . . , κ−ℓ )
has image equal to the Sℓ-invariant subring of R̂. This implies that the induced map
h : M̂− := Spec R̂→ M˜−,0
is a ramified Sℓ-cover. The preimage of h
−1(P−) consists of ℓ! points {(κ−σ(1)(0), . . . , κ−σ(ℓ)(0)) |
σ ∈ Sℓ}. Note that M̂− is an irreducible hypersurface in Cℓ = SpecC[κ−1 , . . . , κ−ℓ ] and is thus
connected. If we take a path γ̂σ from (κ
−
1 (0), . . . , κ
−
ℓ (0)) to (κ
−
σ(1)(0), . . . , κ
−
σ(ℓ)(0)) in M̂−, the
projection γσ = h ◦ γ̂σ gives our desired loop. 
Remark 5.6. Lemma 5.5 is already used in [19], where it is stated as: the monodromy around the
discriminant locus of (40) in M˜−,0, i.e. the locus where (40) has repeated roots, acts transitively
on the roots κ−1 , . . . , κ
−
n by permutation (see the proof of Proposition A.7). Indeed, the Sℓ-cover h
defined above is ramified over the big diagonal of M̂−, i.e. the set of points (κ−1 , . . . , κ
−
ℓ ) where not
all coordinates are distinct, and the image of the big diagonal under h is exactly the discriminant
locus of (40). We can restrict h to the complement of the big diagonal in M̂− and the complenent
of the discriminant locus of (40) in M˜−,0, and the same argument goes through.
References
1. M. Aganagic, A. Klemm, and C. Vafa, “Disk instantons, mirror symmetry and the duality web,” Z. Naturforsch.
A 57 (2002), no. 1-2, 1–28.
2. M. Aganagic and C. Vafa, “Mirror symmetry, D-branes and counting holomorphic discs,” arXiv:hep-th/0012041
(2000).
32 SONG YU
3. S. Boissie`re, E´. Mann, and F. Perroni, “The cohomological crepant resolution conjecture for P(1, 3, 4, 4),” Internat.
J. Math. 20 (2009), no. 6, 791–801.
4. S. Boissie`re, E´. Mann, and F. Perroni, “Computing certain Gromov-Witten invariants of the crepant resolution of
P(1, 3, 4, 4),” Nagoya Math. J. 201 (2011), 1–22.
5. L. Borisov, L. Chen, and G. Smith, “The orbifold Chow ring of toric Deligne-Mumford stacks,” J. Amer. Math.
Soc. 18 (2005), 193–215.
6. V. Bouchard, A. Klemm, M. Marin˜o, and S. Pasquetti, “Remodeling the B-model,” Comm. Math. Phys 287
(2009), no. 1, 117–178.
7. V. Bouchard, A. Klemm, M. Marin˜o, and S. Pasquetti, “Topological open strings on orbifolds,” Comm. Math.
Phys. 296 (2010), no. 3, 589-623.
8. A. Brini and R. Cavalieri, “Crepant resolutions and open strings II,” E´pijournal Ge´om. Alge´br. 2 (2018), art. 4.
9. A. Brini, R. Cavalieri, and D. Ross, “Crepant resolutions and open strings,” J. reine angew. Math. 755 (2019),
191–245.
10. J. Bryan, and A. Gholampour, “Hurwitz-Hodge integrals, the E6 and D4 root systems, and the crepant resolution
conjecture,” Adv. Math. 221 (2009), no.4, 1047–1068.
11. J. Bryan, and A. Gholampour, “The quantum McKay correspondence for polyhedral singularities,” Invent. Math.
178 (2009), no. 3, 655–681.
12. J. Bryan and T. Graber, “The crepant resolution conjecture,” in Algebraic geometry - Seattle 2005. Part 1, Proc.
Sympos. Pure Math. 80 (2009), 23–42.
13. J. Bryan, T. Graber, and R. Pandharipande, “The orbifold quantum cohomology of C2/Z3 and Hurwitz-Hodge
integrals,” J. Algebraic Geom. 17 (2008), no. 1, 1–28.
14. R. Cavalieri and D. Ross, “Open Gromov-Witten theory and the crepant resolution conjecture,” Mich. Math.
Journal 61 (2012), no. 4, 807–837.
15. K. Chan, C.-H. Cho, S.-C. Lau, and H.-H. Tseng, “Lagrangian Floer superpotentials and crepant resolutions for
toric orbifolds,” Commun. Math. Phys. 328 (2014), 83–130.
16. B. Chen, A.-M. Li, X. Li, and G. Zhao, “Ruans conjecture on singular symplectic flops of mixed type,” Sci. China
Math. 57 (2014), no. 6, 1121–1148.
17. B. Chen, A.-M. Li, Q. Zhang, and G. Zhao, “Singular symplectic flops and Ruan cohomology,” Topology 48
(2009), no.1, 1–22.
18. T. Coates, “On the crepant resolution conjecture in the local case,” Comm. Math. Phys. 287 (2009), no. 3,
1071–1108.
19. T. Coates, A. Corti, H. Iritani, and H.-H. Tseng, “Computing genus-zero twisted Gromov-Witten invariants,”
Duke Math. J. 147 (2009), no. 3, 377–438.
20. T. Coates, A. Corti, H. Iritani, and H.-H. Tseng, “A mirror theorem for toric stacks,” Compos. Math. 151 (2015),
no. 10, 1878–1912.
21. T. Coates and H. Iritani, “A Fock sheaf for Givental quantization,” Kyoto J. Math. 58 (2018), no. 4, 695–864.
22. T. Coates, H. Iritani, and Y. Jiang, “The crepant transformation conjecture for toric complete intersections,”
Adv. Math. 329 (2018), 1002–1087.
23. T. Coates, H. Iritani, and H.-H. Tseng, “Wall-crossings in toric Gromov-Witten theory. I. Crepant examples,”
Geom. Topol. 13 (2009), no. 5, 2675–2744.
24. T. Coates and Y. Ruan, “Quantum cohomology and crepant resolutions: a conjecture,” Ann. Inst. Fourier
(Grenoble), 63 (2013), no. 2, 431–478.
25. D. Cox, J. Little, and H. Schenck, Toric varieties, Graduates Studies in Mathematics 124, American Mathemat-
ical Society, 2011.
26. I. Dolgachev and Y. Hu, “Variation of geometric invariant theory quotients,” Publ. Math. Inst. Hautes tudes Sci.
87 (1998), 5–56. With an appendix by N. Ressayre.
27. E. Eynard and N. Orantin, “Invariants of algebraic curves and topological expansion,” Commun. Number Theory
Phys. 1 (2007), no. 2, 347–452.
28. E. Eynard and N. Orantin, “Computation of open Gromov-Witten invariants for toric Calabi-Yau 3-folds by
topological recursion, a proof of the BKMP conjecture,” Comm. Math. Phys. 337 (2015), no. 2, 483–567.
29. B. Fang, “Global mirror curve and its implication,” in Gromov-Witten theory, gauge theory and dualities, Proc.
Centre Math. Appl. Austral. Nat. Univ. 48 (2019), 41–62.
30. W. Fulton, Introduction to toric varieties, Annals of Mathematics Studies 131. The William H. Roever Lectures
in Geometry. Princeton University Press, 1993.
31. H. Fan, T. Jarvis, and Y. Ruan, “A mathematical theory of the gauged linear sigma model,” Geom. Topol. 22
(2018), 235–303.
32. B. Fang and C.-C. M. Liu, “Open Gromov-Witten invariants of toric Calabi-Yau 3-folds,” Comm. Math. Phys.
323 (2013), no. 1, 285–328.
THE OPEN CREPANT TRANSFORMATION CONJECTURE FOR TORIC CALABI-YAU 3-ORBIFOLDS 33
33. B. Fang, C.-C. M. Liu, and H.-H. Tseng, “Open-closed Gromov-Witten invariants of 3-dimensional Calabi-Yau
smooth toric DM stacks,” arXiv:1212.6073v4 [math.AG] (2012).
34. B. Fang, C.-C. M. Liu, and Z. Zong, “On the remodeling conjecture for toric Calabi-Yau 3-orbifolds,” to appear
in J. Amer. Math. Soc., DOI: 10.1090/jams/934.
35. B. Fantechi, E´. Mann, and F. Nironi, “Smooth toric Deligne-Mumford stacks,” J. reine angew. Math. 648 (2010),
201–244.
36. W. Gillam, “The crepant resolution conjecture for three-dimensional flags modulo an involution,” Comm. Algebra
41 (2013), no. 2, 736–764.
37. A. Givental, “Symplectic geometry of Frobenius structures,” in Frobenius manifolds, Aspects Math. E36 (2004),
91–112.
38. E. Gonza´lez and C. Woodward, “A wall-crossing formula for Gromov-Witten invariants under variation of GIT
quotient,” arXiv:1208.1727 [math.AG] (2012).
39. T. Graber and E. Zaslow, “Open-string Gromov-Witten invariants: calculations and a mirror theorem,” Orbifolds
in mathematics and physics, Contemp. Math. 310, 107–121.
40. H. Hong, Y. Kim, S.-C. Lau, and X. Zheng, “T -equivariant disc potentials for toric Calabi-Yau manifolds,”
arXiv:1912.11455 [math.SG] (2019).
41. Y. Iwao, Y.-P. Lee, H.-W. Lin, and C.-L. Wang, “Invariance of Gromov-Witten theory under a simple flop,” J.
Reine Angew. Math. 663 (2012), 67–90.
42. Y. Jiang, “The orbifold cohomology ring of simplicial toric stack bundles,” Illinois J. Math. 52 (2008), no. 2,
493–514.
43. S. Katz and C.-C. M. Liu, “Enumerative geometry of stable maps with Lagrangian boundary conditions and
multiple covers of the disc,” Adv. Theor. Math. Phys 5 (2001), no. 1, 1–49.
44. H. Ke and J. Zhou, “Gauged linear sigma model for disc invariants,” Lett. Math. Phys. 105 (2015), 63–88.
45. Y.-P. Lee, H.-W. Lin, F. Qu, and C.-L. Wang, “Invariance of quantum rings under ordinary flops III: A quantum
splitting principle,” Cambr. J. Math. 4 (2016), no. 3, 333–401.
46. Y.-P. Lee, H.-W. Lin, and C.-L. Wang, “Flops, motives, and invariance of quantum rings,” Ann. of Math. 172
(2010), no. 1, 243–290.
47. Y.-P. Lee, H.-W. Lin, and C.-L. Wang, “Analytic continuations of quantum cohomology,” in Fifth International
Congress of Chinese Mathematicians. Part 1, 2, AMS/IP Stud. Adv. Math. 2 (2012), 269–282.
48. Y.-P. Lee, H.-W. Lin, and C.-L. Wang, “Invariance of quantum rings under ordinary flops II: A quantum Leray-
Hirsch theorem,” Algebr. Geom. 3 (2016), no. 5, 615–653.
49. H. Lho and R. Pandharipande, “Crepant resolution and the holomorphic anomaly equation for C3/Z3,”
arXiv:1804.03168 [math.AG] (2018).
50. M. McLean, “Birational Calabi-Yau manifolds have the same small quantum products,” arXiv:1806.01752
[math.SG] (2018).
51. F. Perroni, “Chen-Ruan cohomology of ADE singularities,” Internat. J. Math. 18 (2007), no. 9, 1009–1059.
52. D. Ross, “Localization and gluing of orbifold amplitudes: the Gromov-Witten orbifold vertex,” Comm. Math.
Phys. 366 (2014), no. 3, 1587–1620.
53. Y. Ruan, “Stringy geometry and topology of orbifolds,” in Symposium in honor of C. H. Clemens, Contemp.
Math 312 (2002), 187–233.
54. Y. Ruan, “The cohomology ring of crepant resolutions of orbifolds,” in Gromov-Witten theory of spin curves and
orbifolds, Contemp. Math 403 (2006), 117–126.
55. M. Thaddeus, “Geometric invariant theory and flips,” J. Amer. Math. Soc. 9 (1996), no. 3, 691–723.
56. C.-L. Wang, “On the topology of birational minimal models,” J. Diff. Geom. 50 (1998), 129–146.
57. J. Wise, “The genus zero Gromov-Witten invariants of the symmetric square of the plane,” Comm. Anal. Geom.
19 (2011), no. 5, 923–974.
58. J. Zhou, “Crepant resolution conjecture in all genera for type A singularities,” arXiv:0811.2023 [math.AG]
(2008).
Department of Mathematics, Columbia University, New York, NY 10027
E-mail address: syu@math.columbia.edu
